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Statement of the problem

Consider the situation when TX/RX chain has a part of "corrupted"packages. The
dynamic frequencies evolution in steady state is analized.
BASIC PRESUPPOSITIONS:
- It is assumed that the (average) frequency of corrupted packages, at time instant
t + 1 depends on average result of the present experiment at time instant t.

Ðèñ.: TX/RX packages chain

The problem statement: How to describe the dynamics of corrupted packages
frequency ?
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The Model

Discrete Markov di�usion (DMD)

∆αt = −V αt + σwt+1 , t ≥ 0, (1)

where ∆αt := αt+1 − αt, and the stochastic component wt, t ≥ 1 is a stationary,
in wide sense, normalized sequence of random variables witn E[wt] = 0 and
E[wt]

2 = 1, ∀t ≥ 0.

The aim of the communication is to answer on the following questions:

1 Stationary conditions for DMD αt, t ≥ 1.

2 Gaussian characterization of DMD process for the Gaussian stochastic
component wt, t ≥ 1.

3 Statistical estimation of 2 real parameters V , σ2 by mean of the trajectories
of DMD αt, t ≥ 1.
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Steady regime

Let 0 < V < 2; α0 (Eα0 = 0) be stationary : Eαtαt+s = B(s), uncorrelated with
wt, t ≥ 1. Let us denote Eα2

0 = B(0) = σ2
0 .

Proposition (Stationary Conditions)

The sequence αt, t ≥ 1 is stationary in mean square if and only if

σ2
0 = σ2/2VW , W := 1− V/2. (2)

In this case

Eαtαt+s = qsσ2
0 , q := 1− V. (3)

Remark

Hereinafter wt, t ≥ 1 be i.i.d. Gaussian random variables and α0 be a normal r.v.
with Eα0 = 0, Eα2

0 = σ2
0 and independent from wt, t ≥ 0.

In this case, a solution of the di�erence stochastic equation (1) with real-valued
parameters V, σ is a discrete Gaussian Markov di�usion [Arat�o 1982, DK 2014,
Nevelson-Hasminsky 1973]. 4



Covariation Statistics

We propose (αt, ∆αt) , t ≥ 0, as su�cient statistics allowing to estimate two
parameters V , σ2 of the DMD de�ned by (1).

The condition of stationarity of discrete Markov di�usion :

cov (αt, αt) = σ2
0 , ∀t ≥ 0, (4)

Proposition (2)

The cov matrix of two-component process (αt,∆αt) has the form:

cov (αt, αt) = σ2
0 , cov (αt,∆αt) = −V · σ2

0 , t ≥ 0,

cov (∆αt,∆αt) = 2V · σ2
0 , t ≥ 1.

(5)

In addition, the matrix of quadratic form for the of bivariate normal are the
following:

1/R
(−1)
11 = Wcov (αt, αt) , 1/R

(−1)
22 = Wcov (∆αt,∆αt),

1/R
(−1)
12 = 1/R

(−1)
21 = −(2/V )Wcov (αt,∆αt).

(6)
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A-priori statistics for DMD

The base of statistical parameters estimation, using the convergence of Gaussian
stationary sequences [Bulinsky-Siryaev, 2003].

Proposition (3)

The cov. (5) generate the following statistics, unbiased and consistent (in m.s.) :

σ̃2
0T =

1

T

T∑
t=1

α2
t
L2

−−→ σ2
0 , T →∞;

σ̃2
∆T =

1

T

T∑
t=1

(∆αt)
2 L2

−−→ 2V σ2
0 , T →∞;

∆̃T =
1

T

T∑
t=1

αt ·∆αt
L2

−−→ −V σ2
0 , T →∞

(7)
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Normal statistics for DMD

Remark

The formulas (5) give the meaning of the coe�cient V/2 :

V/2 = r2 , r = cov(αt,∆αt)/
√
cov(αt, αt)cov(∆αt,∆αt). (8)

Moreover, one has:

V = cov (∆αt,∆αt)/2 cov (αt, αt) , σ2
0 = cov (αt, αt). (9)

In addition, the following relation holds:

V = −cov (αt,∆αt)/cov (αt, αt). (10)

Necessary and Su�cient conditions of convergence of Gaussian stationary
sequences:

1

T

T−1∑
s=0

R2(s) −→ 0 , T →∞. (11)

[Bulinsky-Siryaev, 2003].
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Statistical estimators of DMD pararmeters

Using the substitution method [Borovkov 1984, MS, 2:3]

Corollary

The parameters of stationarity DMD admit the following estimations:

V ≈ ṼT = σ̃2
∆T /2σ̃

2
0T =

T∑
t=1

(∆αt)
2

/
2

T∑
t=1

(αt)
2;

σ2
0 ≈ σ̃2

0T =
1

T

T∑
t=1

(αt)
2;

W ≈ W̃T = 1− ṼT /2 ; C̃T = 2 · ṼT · W̃T ;

σ2 ≈ σ̃2
T = C̃T · σ̃2

0T .

(12)

Another point estimation of the parameter V coincides with max-likehood
estimation

V ≈ Ṽ ′T = −∆̃T /σ̃
2
0T = −

T∑
t=1

αt ∆αt

/ T∑
t=1

α2
t (13)

and can be used for the adequacy veri�cation of the statistical model αt, t ≥ 0.
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Sample likehood function of DMD

Basic relations:

V αt + ∆αt = Wσ(t+ 1) , t ≥ 0,

EWσ(t) = 0 , EW 2
σ (t) = θ , (θ = σ2)

(14)

The logarithm of the sample likehood function:

Lθ,V (α, β) = C − 1

2
ln θ − 1

2θ

T∑
t=1

[V 2α2
t + 2V αt∆αt + ∆α2

t ] (15)

The max-likehood estimators have the following form:

θ∗T = ∆̃α2
T − (∆̃T )2/α̃2

T , V ∗T = −∆̃T /α̃2
T , (16)

where

∆̃α2
T :=

1

T

T∑
t=1

(∆αt)
2 , α̃2

T :=
1

T

T∑
t=1

α2
t , ∆̃T :=

1

T

T∑
t=1

αt∆αt. (17)
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The statistical estimators veri�cation on
simulated data

Ðèñ.: Statistical estimators veri�cation on simulated data V = 0, 2; σ = 10

Ðèñ.: Statistical estimators veri�cation on simulated data V = 0, 8; σ = 10
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Kinetic �uctuation-dissipation physical model

Stokes-Einstein equation for large spherical moleculas

r =
kBT

6πµD

D is di�usion constant, kB be Boltzman's constant, T be absolute temperature, µ
be the medium's viscosity. r de�nes hydrodynamic (Stokes) radius.

p(x, t) = (4πDt)−1/2 exp(− x2

4Dt
)

.
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Autocorrelation shape �tting method

Ðèñ.: Autocorrelation shape �tting
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GSS direct application

Ðèñ.: parameter σ2 estimated dynamics
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GSS direct application

Ðèñ.: parameter V estimated dynamics
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GSS direct application

Ðèñ.: parameter σ2
0 estimated dynamics
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