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RECOMMENDATION ITU-R P.1057-7 

Probability distributions relevant to radiowave propagation modelling 

(1994-2001-2007-2013-2015-2017-2019-2022) 

Scope 

This Recommendation describes the various probability distributions relevant to radiowave propagation 

modelling and prediction methods. 

Keywords 

Probability distributions, normal, Gaussian, log-normal, Rayleigh, Nakagami-Rice, gamma, 

exponential, Pearson, Weibull 

The ITU Radiocommunication Assembly, 

considering 

a) that the propagation of radio waves is mainly associated with a random medium that makes 

it necessary to analyse propagation phenomena by means of statistical methods; 

b) that, in most cases, it is possible to describe satisfactorily the variations in time and space of 

propagation parameters by known statistical probability distributions; 

c) that it is important to know the fundamental properties of the probability distributions most 

commonly used in statistical propagation studies, 

recommends 

1 that the statistical information relevant to propagation modelling provided in Annex 1 should 

be used in the planning of radiocommunication services and the prediction of system performance 

parameters; 

2 that the step-by-step procedure provided in Annex 2 should be used to approximate a 

complementary cumulative probability distribution by a log-normal complementary cumulative 

probability distribution; 

3 that the step-by-step procedure provided in Annex 3 should be used to approximate a 

complementary cumulative probability distribution by a Weibull complementary cumulative 

probability distribution. 
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Annex 1 

 

Probability distributions relevant to radiowave propagation modelling 

1 Introduction 

Experience has shown that information on the mean values of received signals is not sufficient to 

accurately characterize the performance of radiocommunication systems. The variations in time, 

space, and frequency should also be considered. 

The dynamic behaviour of both wanted signals and interference plays a significant role in the analysis 

of system reliability and in the choice of system parameters such as modulation type. It is essential to 

know the probability distribution and rate of signal fluctuations in order to specify parameters such 

as modulation type, transmit power, protection ratio against interference, diversity measures, coding 

method, etc. 

For the description of communication system performance, it is often sufficient to observe the time 

series of signal fluctuation and characterize these fluctuations as a stochastic process. Modelling of 

signal fluctuations for the purpose of predicting radio system performance requires knowledge of the 

mechanisms of the interaction of radio waves with the neutral atmosphere and ionosphere. 

The composition and physical state of the atmosphere is highly variable in space and time. Wave 

interaction modelling, therefore, requires extensive use of statistical methods to characterize various 

physical parameters describing the atmosphere as well as electrical parameters defining signal 

behaviour and the interactive processes which these parameters are related. 

In the following, some general information is given on the most important probability distributions. 

This may provide a common background to the statistical methods for propagation prediction used in 

the Recommendations of the Radiocommunication Study Groups. 

2 Probability distributions 

Probability distributions of stochastic processes are generally described either by a probability density 

function (PDF) or by a cumulative distribution function (CDF). The probability density function of 

the random variable X, denoted by p(x), is the probability of X taking a value of x; and the cumulative 

distribution function of the random variable X, denoted by F(x), is the probability of X taking a value 

less than or equal to x. The PDF and CDF are related as follows: 
 

  𝑝(𝑥) =
𝑑

𝑑𝑥
[𝐹(𝑥)] (1a) 

or: 

  𝐹(𝑥) = ∫ 𝑝(𝑡)
𝑥

𝑐
 𝑑𝑡 (1b) 

where c is the lower limit of integration. 

The following probability distributions are the most important for the analysis of radiowave 

propagation: 

– normal or Gaussian probability distribution; 

– log-normal probability distribution; 

– Rayleigh probability distribution; 

– combined log-normal and Rayleigh probability distribution; 

– Nakagami-Rice (Nakagami n) probability distribution; 
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– gamma probability distribution and exponential probability distribution; 

– Nakagami m probability distribution; 

– Pearson 2 probability distribution; 

– Weibull probability distribution. 

3 Normal probability distribution 

The normal (Gaussian) probability distribution of a propagation random variable is usually 

encountered when a random variable is the sum of a large number of other random variables. 

The normal (Gaussian) probability distribution is a continuous probability distribution in the interval 

from 𝑥 = −∞ to + ∞. The probability density function (PDF), 𝑝(𝑥), of a normal distribution is: 

  p(x) = k e–T (x) (2) 

where T(x) is a non-negative second-degree polynomial of the form (
𝑥−𝑚

σ
)

2
, where m and  are the 

mean and standard deviation, respectively, of the normal probability distribution, and 𝑘 is selected so 

∫ 𝑝(𝑥) 𝑑𝑥 = 1
∞

−∞
. Then p(x) is: 

  𝑝(𝑥) =
1

√2πσ2
exp (−

1

2
(

𝑥−𝑚

σ
)

2

) (3) 

A standard normal probability distribution is defined as 𝑚 = 0 and σ = 1. The cumulative 

distribution function (CDF), 𝐹(𝑥), of a standard normal probability distribution is: 

  𝐹(𝑥) =
1

√2π
∫ exp (−

1

2
t2)

𝑥

−∞
𝑑𝑡 (3a) 

  =
1

2
[1 + erf (

𝑥

√2
)] (3b) 

where: 

  erf(𝑥) =
2

√π
∫ exp (−𝑡2)

𝑥

0
𝑑𝑡 (3c) 

Then the CDF of a normal probability distribution with 𝑚 ≠ 0 and/or σ ≠ 1 is: 

 
1

√2πσ2 ∫ exp (−
1

2
(

𝑡−𝑚

σ
)

2

)  𝑑𝑡 =
1

√2𝜋
∫ exp (−

1

2
𝑡2) 𝑑𝑡

(𝑥−𝑚)/σ

−∞
= 𝐹(

𝑥−𝑚

σ
)

𝑥

−∞
 (3d) 

The complementary cumulative distribution function (CCDF), Q(𝑥), of a standard normal probability 

distribution is: 

  Q(𝑥) =
1

√2π
∫ exp (−

1

2
𝑡2)

∞

𝑥
𝑑𝑡  (4a) 

  =
1

2
erfc (

𝑥

√2
)  (4b) 

where: 

  erfc(𝑥) =
2

√π
∫ exp (−𝑡2)

∞

𝑥
𝑑𝑡  (4c) 

Then the CCDF of a normal probability distribution with 𝑚 ≠ 0 and/or σ ≠ 1 is: 

 
1

√2πσ2 ∫ exp (−
1

2
(

𝑡−𝑚

σ
)

2

)  𝑑𝑡 =
1

√2𝜋
∫ exp (−

1

2
𝑡2) 𝑑𝑡

∞

(𝑥−𝑚)/σ
= 𝑄(

𝑥−𝑚

σ
)

∞

𝑥
 (4d) 

Note that 𝐹(𝑥) + Q(𝑥) = 1,  𝐹(−𝑥) = Q(𝑥), and erf(𝑥) + erfc(𝑥) = 1. 
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The inverse cumulative distribution function 𝑥 = 𝐹−1(𝑝) is the value of 𝑥 such that 𝐹(𝑥) = 𝑝; and 

the inverse complementary cumulative distribution function 𝑥 = Q−1(𝑝) is the value of 𝑥 such that 

Q(𝑥) = 𝑝.  

Note that from equation (4b), 𝑄−1(𝑝) = √2 erfc−1(2𝑝) and that from equation (3b), 𝐹−1(𝑝) =

√2 erf −1(2𝑝 − 1). 

The solid lines in Fig. 1 represent the functions p(x) and F(x) with m = 0 and σ = 1, and 

Table 1 shows the correspondence between x and 1 − 𝐹(𝑥) for various example values of x  

or 1 − 𝐹(𝑥). 

TABLE 1 

x 1 – F(x) x 1 – F(x) 

0 0.5 1.282 10−1 

1 0.1587 2.326 10−2 

2 0.02275 3.090 10−3 

3 1.350  10−3 3.719 10−4 

4 3.167  10−5 4.265 10−5 

5 2.867  10−7 4.753 10−6 

6 9.866  10−10 5.199 10−7 

  5.612 10−8 

 

The following approximation for Q(𝑥) = 1 − 𝐹(𝑥) has an absolute approximation error of less than 

7.5  10−8: 

  𝑄(𝑥) ≈ {
1 − 𝑇(−𝑥), 𝑥 < 0

𝑇(𝑥), 𝑥 ≥ 0
 (5a) 

where: 

  𝑇(𝑥) = 𝑍 ×  (𝑏1𝑡 + 𝑏2𝑡2 + 𝑏3𝑡3 + 𝑏4𝑡4 + 𝑏5𝑡5) (5b) 

and 

𝑏1 = 0.319381530 

𝑏2 = −0.356563782 

𝑏3 = 1.781477937 

𝑏4 = −1.821255978 

𝑏5 = 1.330274429 

𝑎 = 0.2316419 

𝑡 =
1

1 + 𝑎 𝑥
 

𝑍 =
1

√2π 
exp (−

𝑥2

2
) 
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The following approximation for 𝑥 = 𝑄−1(𝑝) has an absolute approximation error of less than 

1.2  10−9: 

  𝑄−1(𝑝) ≈ {
−𝑈−1(𝑝), 0 < 𝑝 ≤ 0.5

𝑈−1(𝑞), q = 1 − p 0.5 < 𝑝 < 1
 (5c) 

For 0 ≤ 𝑝 ≤ 0.02425, the value of 𝑈−1(𝑝) can be calculated as follows: 

  𝑡 =  √−2ln (𝑝) 

  𝑈−1(𝑝) =  
𝑐0+ 𝑐1𝑡+ 𝑐2𝑡2+ 𝐶3𝑡3+ 𝑐4𝑡4+ 𝑐5𝑡5

1+ 𝑑1𝑡+ 𝑑2𝑡2+ 𝑑3𝑡3+ 𝑑4𝑡4  (5d) 

with 

𝑐0 = 2.938163982698783 

𝑐1 = 4.374664141464968 

𝑐2 = −2.549732539343734 

𝑐3 = −2.400758277161838 

𝑐4 = −0.3223964580411365 

𝑐5 = −0.007784894002430293 

and 

𝑑1 = 3.754408661907416 

𝑑2 = 2.445134137142996 

𝑑3 = 0.3224671290700398 

𝑑4 = 0.007784695709041462 

For 0.02425 < 𝑝 ≤ 0.5, the value of 𝑈−1(𝑝) can be calculated as follows: 

  𝑡 =  (𝑝 − 0.5)2 

  𝑈−1(𝑝) = (𝑝 − 0.5) 
{𝑎0+ 𝑎1𝑡+ 𝑎2𝑡2+ 𝑎3𝑡3+ 𝑎4𝑡4+ 𝑎5𝑡5}

1+ 𝑏1𝑡+ 𝑏2𝑡2+ 𝑏3𝑡3+ 𝑏4𝑡4+𝑏5𝑡5  (5e) 

with 

𝑎0 = 2.506628277459239 

𝑎1 = −30.66479806614716 

𝑎2 = 138.3577518672690 

𝑎3 = −275.9285104469687 

𝑎4 = 220.9460984245205 

𝑎5 = −39.69683028665376 

and 

𝑏1 = −13.28068155288572 

𝑏2 = 66.80131188771972 

𝑏3 = −155.6989798598866 

𝑏4 = 161.5858368580409 

𝑏5 = −54.47609879822406 

Equations (5d) and (5e) can be used in calculating 𝑈−1(𝑞) of equation (5c) through treating 𝑞 as 𝑝 of 

equations (5d) and (5e). 

It should be noted that 𝑄−1(𝑝) given in equation (5c) goes to ∞ and −∞ when 𝑝 goes to 0 and 1 

respectively, which is attributed to the term 𝑙𝑛(𝑝) in equation (5d). 

If desired, the approximation error in 𝑄−1(𝑝) can be reduced as follows: let 𝑥0 = 𝑄−1(𝑝) per equation 

(5c), then: 

   𝑥 = 𝑥0 − √2π exp (
𝑥0

2

2
) (𝑝 − 𝑄(𝑥𝑜)) (5f) 
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Most modern mathematical software packages include the probability functions 𝐹(𝑥), Q(𝑥), erf (𝑥), 

erfc(x) and their inverses. 

In propagation, most of the physical quantities involved (power, voltage, fading time, etc.) are 

essentially positive quantities and cannot be represented directly by a normal probability distribution. 

The normal probability distribution is used in two important cases: 

– to represent the fluctuations of a random variable around its mean value 

(e.g. scintillation fades and enhancements); 

– to represent the fluctuations of the logarithm of a random variable, in which case the variable 

has a log-normal probability distribution (see § 4). 

Diagrams in which one of the coordinates is a so-called normal coordinate, where a normal 

cumulative probability distribution is represented by a straight line, are available commercially. These 

diagrams are frequently used even for the representation of non-normal probability distributions. 

4 Log-normal probability distribution 

The log-normal probability distribution is the probability distribution of a positive random variable X 

whose natural logarithm has a normal probability distribution. The probability density function, 𝑝(𝑥), 
and the cumulative distribution function, 𝐹(𝑥), are: 
 

  






















−
−


=

2
ln

2

1
exp

1

2

1
)(

mx

x
xp  (6) 

 

  


















−
+=























−
−


= 

2

ln
erf1

2

1
d

ln

2

1
exp

1

2

1
)(

2

0

mx
t

mt

t
xF

x

 (7) 

where m and  are the mean and the standard deviation of the logarithm of X (i.e. not the mean and 

the standard deviation of X). 

The log-normal probability distribution is very often found in propagation probability distributions 

associated with power and field-strength. Since power and field-strength are generally expressed in 

decibels, their probability distributions are sometimes incorrectly referred to as normal rather than 

log-normal. In the case of probability distributions vs. time (e.g. fade duration in seconds), the 

log-normal terminology is always used explicitly because the natural dependent variable is time rather 

than the logarithm of time. 

Since the reciprocal of a variable with a log-normal probability distribution also has a log-normal 

probability distribution, this probability distribution is sometimes found in the case of the probability 

distribution of the rate of change (e.g. fading rate in dB/s or rainfall rate in mm/hr). 

In comparison with a normal probability distribution, a log-normal probability distribution is usually 

encountered when values of the random variable of interest results from the product of other 

approximately equally weighted random variables. 

Unlike a normal probability distribution, a log-normal probability distribution is extremely 

asymmetrical. In particular, the mean value, the median value, and the most probable value 

(often called the mode) are not identical (see the dashed lines in Fig. 1). 

The characteristic values of the random variable X are:  

– most probable value:  exp (m – 2); 

– median value:   exp (m); 
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– mean value:    






 
+

2
exp

2

m ; 

– root mean square value: exp (m + 2); 

– standard deviation:  1)(exp
2

exp 2
2

−






 
+m . 

FIGURE 1 

Normal and log-normal probability distributions 

 

5 Rayleigh probability distribution 

The Rayleigh probability distribution is a continuous probability distribution of a positive-valued 

random variable. For example, given a two-dimensional normal probability distribution with two 

independent random variables y and z of mean zero and the same standard deviation , the random 

variable 

  
22 zyx +=  (8) 

has a Rayleigh probability distribution. The Rayleigh probability distribution also represents the 

probability distribution of the length of a vector that is the vector sum of a large number of constituent 

vectors of similar amplitudes where the phase of each constituent vector has a uniform probability 

distribution. 

The probability density function and the cumulative distribution function of a Rayleigh probability 

distribution are given by: 
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  









−


=

2

2

2 2
exp)(

xx
xp  (9) 

 

  









−−=

2

2

2
exp1)(

x
xF  (10) 

Figure 2 provides examples of p(x) and F(x) for three different values of b. 

FIGURE 2 

Rayleigh probability distribution 

 

Defining 𝑏 = σ√2, the characteristic values of the random variable X are: 

– most probable value:  
𝑏

√2
; 

– median value:   bb 833.02ln = ; 

– mean value:    
𝑏

2
 √π    ≈ 0.886b; 

– root mean square value: b; 

– standard deviation:  bb 463.0
4

1 =


− . 

The Rayleigh probability distribution is often applicable for small values of x. In this case, the 

cumulative distribution function, 𝐹(𝑥), can be approximated as: 
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   𝐹(𝑥) ≈
𝑥

𝑏2

2
 (11) 

 

This approximate expression can be interpreted as follows: the probability that the random variable 

X will have a value less than x is proportional to the square of x. If the variable of interest is a voltage, 

its square represents the power of the signal. In other words, on a decibel scale the power decreases 

by 10 dB for each decade of probability. This property is often used to determine whether a received 

level has an asymptotic Rayleigh probability distribution. Note, however, that other probability 

distributions can have the same behaviour. 

In radiowave propagation, a Rayleigh probability distribution occurs in the analysis of scattering from 

multiple, independent, randomly-located scatterers for which no single scattering component 

dominates. 

6 Combined log-normal and Rayleigh probability distribution 

In some cases, the probability distribution of a random variable can be regarded as the combination 

of two probability distributions; i.e. a log-normal probability distribution for long-term (i.e. slow) 

variations and a Rayleigh probability distribution for short-term (i.e. fast) variations. This probability 

distribution occurs in radiowave propagation analyses when the inhomogeneities of the propagation 

medium have non-negligible long-term variations; e.g. in the analysis of tropospheric scatter. 

The instantaneous probability distribution of the random variable is obtained by considering a 

Rayleigh probability distribution whose mean (or mean square) value is itself a random variable 

having a log-normal probability distribution. 

The probability density function of the combined log-normal and Rayleigh probability distribution 

is: 

 𝑝(𝑥) = √
2

π
𝑘𝑥 ∫ exp (−𝑘𝑥2exp(−2(σ𝑢 + 𝑚)) − 2(σ𝑢 + 𝑚) −

𝑢2

2
)

∞

−∞
𝑑𝑢 (12a) 

and the complementary cumulative distribution function of the combined log-normal and Rayleigh 

probability distribution is: 

  1 − 𝐹(𝑥) =
1

√2π
∫ exp (−𝑘𝑥2exp(−2(σ𝑢 + 𝑚)) −

𝑢2

2
)

∞

−∞
𝑑𝑢 (12b) 

 

where m and  , expressed in nepers, are the mean and the standard deviation of the normal probability 

distribution associated with the log-normal distribution. 

The value of k depends on the interpretation of σ and 𝑚: 

1) If σ and 𝑚 are the standard deviation and mean of the natural logarithm of the most probable 

value of the Rayleigh probability distribution, then 𝑘 = 1/2; 

2) if σ and 𝑚 are the standard deviation and mean of the natural logarithm of the median value 

of the Rayleigh probability distribution, then 𝑘 = ln 2; 

3) if σ and 𝑚 are the standard deviation and mean of the natural logarithm of the mean value of 

the Rayleigh probability distribution, then 𝑘 = π/4; and 

4) if σ and 𝑚 are the standard deviation and mean of the natural logarithm of the root mean 

square value of the Rayleigh probability distribution, then 𝑘 = 1. 

The mean (E), root mean square (RMS), standard deviation (SD), median, and most probable value 

of the combined Rayleigh log-normal probability distribution are: 
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Mean value, E 

 𝐸 = ∫ 𝑥√
2

π
𝑘𝑥 [∫ exp (−𝑘𝑥2[−2(σ𝑢 + 𝑚)] − 2(σ𝑢 + 𝑚) −

𝑢2

2
) 𝑑𝑢 

∞

−∞
]

∞

0
𝑑𝑥 (13a) 

  =
√π

2√𝑘
exp (𝑚 +

σ2

2
) (13b) 

Root mean square value, RMS 

𝑅𝑀𝑆 = √∫ 𝑥2√
2

π
𝑘𝑥 [∫ exp

∞

−∞
(−𝑘𝑥2exp[−2(σ𝑢 + 𝑚)] − 2(σ𝑢 + 𝑚) −

𝑢2

2
) 𝑑𝑢] 𝑑𝑥

∞

0
 (13c) 

  =
1

√𝑘
exp (𝑚 + σ2) (13d) 

Standard deviation, SD 

  𝑆𝐷 = √
1

𝑘
exp(2(𝑚 + σ2)) −

π

4𝑘
exp (2 (𝑚 +

σ2

2
)) (13e) 

  =
1

√𝑘
exp (𝑚 +

σ2

2
) √exp(σ2) −

π

4
 (13f) 

Median value 

The median value is the value of x that is the solution of: 

  
1

2
= 1 −

1

√2π
∫ exp (−𝑘𝑥2exp(−2(σ𝑢 + 𝑚)) −

𝑢2

2
)

∞

−∞
𝑑𝑢 (13g) 

i.e. 

  √
π

2
= ∫ exp (−𝑘𝑥2exp(−2(σ𝑢 + 𝑚)) −

𝑢2

2
)

∞

−∞
𝑑𝑢 (13h) 

Most probable value 

The most probable value (i.e. the mode) is the value of 𝑥 that is the solution of: 

 ( )   ( )  ( ) 0d
2

22expexp2exp21
2

22 =








−+−+−−+−−


−
u

u
mumukxmukx σσσ  (13i) 

Figure 3 shows a graph of this probability distribution for several values of the standard deviation, 

where 𝑚 = 0, and 𝑘 = 1 . 
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FIGURE 3 

Combined log-normal and Rayleigh probability distributions (with standard deviation of the 

log-normal probability distribution as a parameter) 

 

7 Nakagami-Rice (Nakagami n) probability distribution 

The Nakagami-Rice (Nakagami n) probability distribution, which is different than the Nakagami m 

probability distribution, is a generalization of the Rayleigh probability distribution. It may be 

considered as the probability distribution of the length of a vector that is the sum of a fixed vector 

and a vector whose length has a Rayleigh probability distribution. 

Alternatively, given a two-dimensional normal probability distribution with two independent 

variables x and y with the same standard deviation , the length of a vector joining a point in the 

probability distribution to a fixed point different from the centre of the probability distribution has a 

Nakagami-Rice probability distribution. 
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If a designates the length of the fixed vector and  the most probable length of the Rayleigh vector, 

the probability density function is: 

  



















+
−


=

202

22

2 2
exp)(

xa
I

axx
xp  (14) 

 

where I0 is the modified Bessel function of the first kind and of zero order. 

This probability distribution depends on the ratio between the amplitude of the fixed vector a, and 

the root mean square amplitude of the random vector, 2 . There are two main radiowave 

propagation applications as follows: 

a) The power in the fixed vector is constant, but the total power in the fixed and random 

components is a random probability distribution. 

For studies of the influence of a ray reflected by a rough surface, or for consideration of multipath 

components in addition to a fixed component, the mean power is given by )2( 22 +a . 

The probability distribution is often defined in terms of a parameter K: 
 

  









=

2

2

2
log10

a
K             dB (15) 

 

which is the ratio of the powers in the fixed vector and the random component. 

b) The total power in the fixed and random components is constant, but both components vary. 

For the purpose of studying multipath propagation through the atmosphere, it can be considered that 

the sum of the power carried by the fixed vector and the mean power carried by the random vector is 

constant since the power carried by the random vector originates from the fixed vector. If the total 

power is taken to be unity, then: 
 

  12 22 =+a  (16) 

and the fraction of the total power carried by the random vector is then equal to .2 2  If X is the 

resultant vector random variable, the probability that  the random variable X is greater than x is: 

  Prob (X  >  x)  =  1  –  F(x)  = ( ) 











−










− 





d
2

2
exp

2
exp2

2/

0

2

2

2

x

a
I

a
 (17) 

Figure 4 shows this probability distribution for different values of the fraction of power carried by 

the random vector. 
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FIGURE 4 

Nakagami-Rice probability distribution for a constant total power (with the fraction of power carried 

by the random vector as parameter) 

 

For practical applications amplitudes are displayed using a decibel scale, and probabilities are 

displayed using a scale where a Rayleigh cumulative probability distribution is a straight line. For 

values of the fraction of the total power in the random vector above approximately 0.5, the curves 

asymptotically approach a Rayleigh probability distribution because the fixed vector has an amplitude 

of the same order of magnitude as that of the random vector, and the fixed vector is practically 

indistinguishable from the random vector. In comparison, for small values of this fraction of the total 

power in the random vector, the amplitude probability distribution tends towards a normal probability 

distribution. 

While the amplitude has a Nakagami-Rice probability distribution, the probability density function 

of the phase is: 
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


























+


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+


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e
a

e
a

p  (18) 

8 Gamma probability distribution and exponential probability distribution 

Unlike the previous probability distributions that are derived from a normal probability distribution, 

the gamma probability distribution is a generalization of the exponential probability distribution. It is 

the probability distribution of a positive and non-limited variable. The probability density function 

is: 
 

  
xxxp −−






= e

)(
)( 1

 (19) 

 

where Γ is the Euler function of second order. 

This cumulative distribution function depends on two parameters  and . However,  is only a scale 

parameter of variable x. The characteristic values of the random variable X are: 

– mean value:     



 

– root mean square value:  


+ )1(
 

– standard deviation:   



 

The integral expressing the cumulative distribution function cannot be evaluated in closed form 

except for integer values of . The following are series expansions for two special cases: 

A series approximation for x << 1: 
 

  







+

++


+

+


+

+
= − ....

)2()1(

)(

1
1)(e

)1(

1
)(

2xx
xxF x  (20) 

 

An asymptotic approximation for x  1 is: 
 

  







+



−−
+



−
+


=− −− ....

)(

)2()1(1
1)(e

)(

1
)(1

2

1

xx
xxF x  (21) 

For  equal to unity, 𝐹(𝑥) becomes an exponential probability distribution. For integer , the 

asymptotic expansion has a finite number of terms and gives the gamma probability distribution in 

an explicit form. 

In radiowave propagation, the useful values of  are very low values of the order of 1 × 10−2 to 

1 × 10−4. For  near zero: 
 

  
+




~

)1(
~

)(

1
 (22) 

in which case, for  x > 0.03: 
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  t
t

xF
x

t

d
e

~)(1 




−

−  (23) 

For practical calculations, it is possible to approximate the above integral as: 
 

  
xx

xF
x

++
−

−

log0.280.68

e
~)(1  (24) 

 

which is valid for  < 0.1 and  x  0.03. 

The cumulative distribution function of the complementary gamma function for small values of  is 

shown in Fig. 5. The probability of the variable X being significantly greater than zero is always 

small. In particular, this explains the use of the gamma probability distribution to represent rainfall 

rates since the total percentage of rainfall time is generally of the order of 2 to 10%. 

FIGURE 5 

Gamma probability distribution 

α = 1, ν ≤ 0.1 

 

9 Nakagami m probability distribution 

The Nakagami m probability distribution applies to a non-limited positive variable. The probability 

density function is: 

  
2

e
)(

2
)( 12

x
m

m

m

m

x
m

m
xp 

−
−


=  (25) 

Ω is a scale parameter equal to the mean value of x2; i.e. 
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  =2x  (26) 

where m is a parameter of the Nakagami m probability distribution and not a mean value as in previous 

sections of this Annex. 

This probability distribution is related to other probability distributions as follows: 

– if a random variable has a Nakagami m probability distribution, the square of the random 

variable has a gamma probability distribution; 

– for m = 1 the Nakagami m probability distribution becomes a Rayleigh probability 

distribution; 

– for m = 1/2 the Nakagami m probability distribution becomes a one-sided normal probability 

distribution. 

The Nakagami m probability distribution and the Nakagami-Rice probability distribution are two 

different generalizations of the Rayleigh probability distribution. For very low signal levels, the slope 

of the Nakagami m probability distribution tends towards a value which depends on the parameter m, 

unlike the Nakagami-Rice probability distribution where the limit slope is always the same (10 dB 

per decade of probability). The cumulative Nakagami m probability distribution for various values of 

the parameter m is shown in Fig. 6. 
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FIGURE 6 

Nakagami-m probability distribution ( 12 =x ) 
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10 Pearson 2 probability distribution 

The Pearson 𝜒2 probability density function is: 
 

  
1–

222

2

2 )(e

2
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2 −


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






 


=p  (27) 

 

where 2 is a non-limited positive variable, and the parameter , a positive integer, is the number of 

degrees of freedom of the probability distribution. Γ represents the Euler function of second order. 

Depending on the parity of , one has 
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The cumulative distribution function is: 
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 
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The mean and standard deviation are: 
 

  =m  (31) 
 

  = 2  (32) 
 

An essential property of the 2 probability distribution is that, if n variables xi {i=1, 2, … , n} have 

Gaussian probability distributions with mean mi and standard deviation i, the variable: 

  

2

l


=














−
n

i i

imxi  (33) 

has a 2 probability distribution of n degrees of freedom. In particular, the square of a small Gaussian 

variable has a 2 probability distribution of one degree of freedom. 

If several independent variables have 2 probability distributions, their sum also has a 2 probability 

distribution with the number of degrees of freedom equal to the sum of the degrees of freedom of 

each variable. 

The 2 probability distribution is not fundamentally different from the gamma probability 

distribution. The two probability distributions are related by: 

  x=


2

2

 (34) 

  n=


2
 (35) 
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Similarly, the 2 probability distribution is related to the Nakagami-m probability distribution by: 

  2
2

2
x

m


=


 (36) 

  m=


2
 (37) 

The 2 probability distribution is used in statistical tests to determine whether a set of experimental 

values of a quantity (e.g. rainfall rate, attenuation, etc.) can be modelled by a given statistical 

probability distribution. 

Figure 7 gives a graphic representation of the 𝜒2 probability distribution for several values of . 
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FIGURE 7 

2 probability distribution 

 

11 Weibull probability distribution 

The Weibull probability distribution is a continuous probability distribution of a positive random 

variable.  

The probability density function and the cumulative distribution function of a Weibull probability 

distribution are given by: 
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𝑘

λ
(

𝑥

λ
)

𝑘−1
𝑒−(𝑥 λ⁄ )𝑘

     𝑥 ≥ 0 (38) 

 

  𝐹(𝑥) =
𝑘

λ
∫ (

𝑡

λ
)

𝑘−1
𝑒−(𝑡 λ⁄ )𝑘

𝑑𝑡
𝑥

0
= 1 − 𝑒−(𝑥 λ⁄ )𝑘

 (39) 

where k > 0 is the shape parameter and λ > 0 is the scale parameter of the distribution. 

Its complementary cumulative distribution function is a stretched exponential function: 

  𝐺(𝑥) = 1 − 𝐹(𝑥) =
𝑘

λ
∫ (

𝑡

λ
)

𝑘−1
𝑒−(𝑡 λ⁄ )𝑘

𝑑𝑡
∞

𝑥
= 𝑒−(𝑥 λ⁄ )𝑘

 (40) 

The Weibull distribution interpolates between the exponential distribution (𝑘 = 1) and the Rayleigh 

distribution (𝑘 = 2 and λ = √2σ). 

Figure 8 provides examples of p(x) and F(x) for λ = 1 and three different values of k. 

https://en.wikipedia.org/wiki/Interpolation
https://en.wikipedia.org/wiki/Exponential_distribution
https://en.wikipedia.org/wiki/Rayleigh_distribution
https://en.wikipedia.org/wiki/Rayleigh_distribution
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FIGURE 8 

Weibull probability distribution 

 

The characteristic values of the random variable X following a Weibull probability distribution are: 

– most probable value:  {λ (
𝑘−1

𝑘
)

1 𝑘⁄

   𝑘 > 1

0                     𝑘 ≤ 1
 

– median value:   λ(ln 2)1 𝑘⁄  

– mean value:    λΓ(1 + 1 𝑘⁄ ) 

– root mean square value: λ√Γ(1 + 2 𝑘⁄ ) 
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– standard deviation:  λ√Γ(1 + 2 𝑘⁄ ) − (Γ(1 + 1 𝑘⁄ ))
2
 

In radiowave propagation, a Weibull probability distribution may occur in the analysis of oxygen, 

water vapour and wind speed. 

 

 

Annex 2 

 

Step-by-step procedure to approximate a complementary cumulative 

distribution by a log-normal complementary cumulative distribution 

1 Background 

The log-normal cumulative distribution is defined as: 
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or equivalently: 
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Similarly, the log-normal complementary cumulative distribution is defined as: 
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or equivalently: 
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where ( ).Q  is the normal complementary cumulative probability integral. The parameters m and  

can be estimated from the set of n pairs (Gi, xi) as described in the following paragraph. 

2 Procedure 

Estimate the two log-normal parameters m and  as follows: 

Step 1: Construct the set of n pairs (Gi, xi), where Gi is the probability that xi is exceeded. 

Step 2: Transform the set of n pairs from (Gi, xi) to (Zi, ln xi) where: 

𝑍𝑖 = √2erfc−1(2𝐺𝑖) = √2 erf −1(1 − 2𝐺𝑖) or equivalently, 𝑍𝑖 = Q−1(𝐺𝑖) 

Step 3: Determine the variables m  and   by performing a least squares fit to the linear function: 
 

  mZx ii +=ln  
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Annex 3 

 

Step-by-step procedure to approximate a complementary cumulative 

distribution by a Weibull complementary cumulative distribution 

1 Background 

The Weibull cumulative distribution is defined as: 

𝐹(𝑥) =
𝑘

λ
∫ (

𝑡

λ
)

𝑘−1

𝑒−(𝑡 λ⁄ )𝑘
𝑑𝑡

𝑥

0

 

  𝐹(𝑥) = 1 − 𝑒−(𝑥 λ⁄ )𝑘
 (45) 

 

Similarly, the Weibull complementary cumulative distribution is defined as: 
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𝐺(𝑥) =
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λ
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λ
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𝑒−(𝑡 λ⁄ )𝑘
𝑑𝑡
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  𝐺(𝑥) = 𝑒−(𝑥 λ⁄ )𝑘
 (46) 

The parameters λ (scale) and 𝑘 (shape) can be estimated from the set of n pairs (Gi, xi) as described 

in the following paragraph. 

2 Procedure 

Estimate the two Weibull parameters λ (scale) and 𝑘 (shape) as follows: 

Step 1: Construct the set of n pairs (Gi, xi), where Gi is the probability that xi is exceeded. 

Step 2: Transform the set of n pairs from (Gi, xi) to (Zi, ln xi) where: 

𝑍𝑖 = ln(− ln 𝐺𝑖 ) 

Step 3: Determine the variables a and b by performing a least-squares fit to the linear function: 
 

ln 𝑥𝑖 = 𝑎𝑍𝑖 + b 

as follows: 
 

𝑎 =
𝑛 ∑ 𝑍𝑖 ln 𝑥𝑖

𝑛
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𝑏 =
∑ ln 𝑥𝑖

𝑛
𝑖=1 − 𝑎 ∑ 𝑍𝑖

𝑛
𝑖=1

𝑛
 

Step 4: Calculate the parameters λ and 𝑘 as follows: 

λ = 𝑒𝑏 

𝑘 =
1

𝑎
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