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Mahdi Boloursaz Mashhadi1, Deniz Gündüz2, Alberto Perotti3, Branislav M. Popovic3

15GIC & 6GIC, Institute for Communication Systems (ICS), University of Surrey, UK, 2Dept. of Electrical and Electronic
Engineering, Imperial College London, UK, 3Radio Transmission Technology Laboratory, Huawei Technologies Sweden

AB, Sweden

NOTE: Corresponding author: Mahdi Boloursaz Mashhadi, m.boloursazmashhadi@surrey.ac.uk

Abstract – We present a new Deep Neural Network (DNN)‑based error correction code for fading channels with output
feedback, called the Deep SNR‑Robust Feedback (DRF) code. At the encoder, parity symbols are generated by a Long Short
Term Memory (LSTM) network based on the message, as well as the past forward channel outputs observed by the transmit‑
ter in a noisy fashion. The decoder uses a bidirectional LSTM architecture along with a Signal to Noise Ratio (SNR)‑aware
attention NN to decode the message. The proposed code overcomes two major shortcomings of DNN‑based codes over chan‑
nels with passive output feedback: (i) the SNR‑aware attention mechanism at the decoder enables reliable application of the
same trained NN over a wide range of SNR values; (ii) curriculum training with batch size scheduling is used to speed up and
stabilize training while improving the SNR‑robustness of the resulting code. We show that the DRF codes outperform the ex‑
isting DNN‑based codes in terms of both the SNR‑robustness and the error rate in an Additive White Gaussian Noise (AWGN)
channel with noisy output feedback. In fading channels with perfect phase compensation at the receiver, DRF codes learn to
efϔiciently exploit knowledge of the instantaneous fading amplitude (which is available to the encoder through feedback) to
reduce the overhead and complexity associated with channel estimation at the decoder. Finally, we show the effectiveness
of DRF codes in multicast channels with feedback, where linear feedback codes are known to be strictly suboptimal. These
results show the feasibility of automatic design of new channel codes using DNN‑based language models.

Keywords – Attention neural networks, channel coding, communication with feedback, curriculum training, LSTM lan‑
guage models

1. INTRODUCTION

Most wireless communication systems incorporate some
form of feedback from the receiver to the transmitter. Re‑
transmission mechanisms, such as Hybrid Automatic Re‑
peat request (HARQ), or Channel State Information (CSI)
feedback mechanisms in time‑varying channels are com‑
mon forms of feedback in wireless communications. Per‑
fect channel output feedback can signiϐicantly boost com‑
munications’ reliability at ϐinite block lengths [1, 2, 3, 4],
but does not improve the Shannon capacity of the channel
[5]. Codes that make full use of feedback can potentially
achieve improved performance as predicted in [4]. How‑
ever, the design of reliable codes for channels with feed‑
back has been a long‑standing and notoriously difϐicult
open problem. Several coding schemes for channels with
feedback have been proposed [6, 1, 7, 8, 9, 10]; however,
known solutions either do not approach the performance
predicted in [4], or introduce unaffordable complexity.
These schemes are also extremely sensitive to both the
precision of the numerical computations and the noise
in the feedback channel [2, 3]. It has been proven that
with noisy output feedback, linear coding schemes fail
to achieve any positive rate[11]. This is especially trou‑
bling since all practical codes are linear and linear codes
are known to achieve capacity without feedback [12], and
boost the error performance signiϐicantly in the case of
noiseless feedback [1]. For the noisy feedback case, con‑

siderable improvements have been achieved using non‑
linear modulo operations [13, 14].

More recently, some progress has been made by apply‑
ing Machine Learning (ML) techniques, where channel
decoding is regarded as a classiϐication task, and the en‑
coder and decoder, implemented as Deep Neural Network
(DNN) architectures, are jointly trained in a data‑driven
fashion [15, 16, 17, 18, 19, 20, 21]. In this context, the en‑
coder/decoder pair forms an over‑complete autoencoder,
where the encoder DNN adds redundancy to the latent
representation of the message to cope with the channel
noise, and the decoder DNN extracts features from the
noisy received signal for efϐicient classiϐication. In [15],
the authors propose Deepcode for channels with noisy
passive output feedback, consisting of a Recurrent Neural
Network (RNN) encoder architecture along with a two‑
layer bidirectional Gated Recurrent Unit (GRU) decoder
architecture, which are trained jointly on a dataset of ran‑
dom input/output realizations of the channel. In [16], a
Convolutional Neural Network (CNN) encoder/decoder
architecture with interleaving is used. In this work, the
authors introduce interleaving to enable the CNN‑based
code to achieve a block length gain (i.e., decaying proba‑
bility of error as the block length increases). In [17], Deep
Extended Feedback (DEF) codes are introduced, which
improve the error correction capability in comparison
with Deepcode by an extended feedback mechanism that
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introduces longer range dependencies within the code
blocks. DEF codes also enable higher spectral efϐicien‑
cies by introducing higher order modulations into the en‑
coding process. After the initial introduction of the DRF
codes [22], other codes with more complex DNN architec‑
tures were proposed for the feedback channel. In particu‑
lar, in [18] the authors proposed AttentionCode based on
self‑attention and restructuring, for reliable short‑packet
communications. In [19], the Generalized Block Atten‑
tion Feedback (GBAF) codes were proposed based on the
transformer architecture. GBAF codes utilize block‑by‑
block processing to reduce the communication overhead,
due to fewer interactions between the transmitter and re‑
ceiver, and enable ϐlexible coding rates. In [20], the au‑
thors extend GBAF codes to the active coded feedback
scenario by implementing a pair of transformer architec‑
tures, at the transmitter and the receiver, which interact
with each other sequentially. The transformer‑based de‑
signs AttentionCode and GBAF [18, 19] outperform RNN
and Long Short Term Memory (LSTM)‑based codes [15,
17] in terms of the Block Error Rate (BLER) for channels
with noiseless feedback or when the feedback Signal to
Noise Ratio (SNR) is high, typically 20 dB and above.
Despite their signiϐicant performance, DNN‑based codes
are very sensitive to the mismatch between the actual
channel SNR and the SNR that the NN has been trained
for, which limits their application in practical communi‑
cation systems with time‑varying SNR values. Although
similar performance degradation is also observed with
traditional channel codes when there is a mismatch be‑
tween the actual channel SNR and the SNR estimation
used for decoding (e.g., due to an SNR estimation er‑
ror) [23, 24], the impact is more critical for DNN‑based
codes. Since for DNN‑based codes, the encoder and de‑
coder are trained jointly, not only the decoder but also
the transmitted codewords depend on the SNR. Hence, for
practical deployment of the DNN‑based codes on a time‑
varying channel, the encoder and decoder will have to
train and store distinct DNNs for different SNR values, and
use the appropriate one for each instantaneous value of
the channel SNR, or more practically, for different ranges
of SNR. This signiϐicantly increases the memory require‑
ments and limits the practical application of DNN‑based
codes on realistic systems, and is a main focus of this pa‑
per.
In this paper, we propose Deep SNR‑Robust Feedback
(DRF) codes for the fading channels with noisy output
feedback, which overcome the above‑mentioned limita‑
tion ofDNN‑based channel codes. The DRF encoder trans‑
mits a message followed by a sequence of parity symbols,
which are generated by an LSTM architecture based on
the message, as well as the delayed past forward channel
outputs observed by the encoder through a noisy feed‑
back channel. The decoder uses a bidirectional LSTM
architecture along with an SNR‑aware attention [25, 26,
27, 28, 29] network to decode the message. In com‑
parison with the transformer‑based codes [18, 19], the
LSTM‑based DRF and DEF codes achieve lower BLER for

lower feedback channel SNR ranges (i.e., feedback SNR 0‑
10 dB). LSTM‑based designs also require less computa‑
tional complexity for the same block length in compari‑
son with their transformer‑based counterparts [18]. The
major contributions of this paper can be summarized as
follows:

• We propose an attention mechanism that enables
SNR‑aware decoding of the DRF code, thereby con‑
siderably improving its robustness in realistic time‑
varying channels, where there may be a considerable
mismatch between the training SNR and the instan‑
taneous channel SNR. The attention module takes as
input the forward and feedback noise variances and
outputs attention coefϐicients that scale the features
extracted at the output of the bidirectional LSTM lay‑
ers at the decoder. The SNR‑aware attention mod‑
ule signiϐicantly improves robustness of the code to
a mismatch between the training and link‑level SNR
values for the AWGN channel with passive output
feedback.

• We propose a training approach with SNR schedul‑
ing and batch‑size adaptation. We start the train‑
ing at low SNR values and with a smaller batch size,
and gradually increase the SNR and the batch size
along the training epochs according to a schedule.
The proposed training approach improves the SNR‑
robustness of the resulting code and speeds up the
training. The DRF codes and the proposed train‑
ing approach not only achieve considerable SNR‑
robustness, but also improve the error rate over
Deepcode [15] roughly by an order of magnitude. In
comparison with the transformer‑based Attention‑
Code [18], we show that the DRF code achieves lower
BLER for lower feedback channel SNR ranges (i.e.,
feedback SNR 0‑9 dB).

• For fading channels, in which the instantaneous SNR
may be varying on each transmitted codeword (slow
fading) or symbol (fast fading), we show that the pro‑
posed DRF codes learn to efϐiciently exploit the CSI,
which is available to the encoder through feedback,
such that no further improvement is possible by pro‑
viding the CSI to the decoder. This is a desirable fea‑
ture as it means that the complexity and overhead as‑
sociated with channel estimation at the decoder can
be reduced.

• For AWGN multicast channels with feedback, we
show the power of DRF codes in exploiting multiple
feedback signals to improve the reliability of all the
receivers simultaneously. This is of signiϐicant in‑
terest as linear‑feedback schemes are known to be
strictly suboptimal for such channels [30].

The rest of this paper is organized as follows. 
In Section 2, we present the feedback channel model 
considered in this paper. In Section 3, we provide the 
DNN architectures for the DRF encoder and decoder. 
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In Section 4, we present our proposed training 
technique. Section 5 presents the simulation results. 
Section 6 extends the DRF codes to multicast channels 
with feedback, and Section 7 concludes the paper.
Notations: Throughout this paper, we denote matrices 
and vectors by boldface lowercase and uppercase letters, 
respectively. All vectors are assumed to be column vec‑ 
tors. The notations (⋅)𝑇 and (⋅)−1 are used for matrix 
transposition and inversion, respectively. Calligraphic 
letters denote sets, where | ⋅ | denotes cardinality of the 
set. Moreover, we denote the gradient by ∇(⋅).  Finally, 
𝑃 𝑟{⋅} denotes probability of an event, and 𝔼[⋅] and var(⋅) 
denote the expectation and variance of random variables.

2. SYSTEM MODEL
Fig. 1 illustrates the canonical fading channel passive 
noisy output feedback that will be the focus of this re‑ 
search. Perfect phase compensation at the receiver is as‑ 
sumed and all variables are real‑valued. In this model, we 
have:

𝑦𝑖 = 𝛼𝑖𝑥𝑖 + 𝑛𝑖, (1)

2
𝑛

where 𝑥𝑖 and 𝑦𝑖 denote the channel input and output sym‑ 
bols, respectively, 𝛼𝑖 is the channel fading coefϐicient, 𝑛𝑖
is an independent and identically distributed (i.i.d.) Gaus‑ 
sian noise term, i.e., 𝑛𝑖 ∼ 𝒩(0, 𝜎 ). We will assume that 
the channel fading coefϐicient comes from a prescribed 
distribution. We consider both slow and fast fading sce‑ 
narios where the fading coefϐicient remains constant on 
each codeword for slow fading but gets i.i.d. random val‑ 
ues on each symbol for the fast fading case. The channel 
output is assumed to be available at the encoder with a 
unit time delay via an independent AWGN feedback chan‑ 
nel. At time 𝑖, the encoder has a noisy view of what was 
received at the decoder (in the past by one unit time):

𝑧𝑖 = 𝑦𝑖−1 + 𝑚𝑖, (2)

where 𝑚𝑖 is an i.i.d. Gaussian noise term, i.e., 𝑚𝑖 ∼
𝒩(0, 𝜎2

𝑚). We call this a passive output feedback, as un‑
like in [13, 14], the decoder cannot apply any coding or
other type of transformation on its received signal 𝑦𝑖 be‑
fore feeding it back to the encoder. The encoder can use
the feedback symbol to sequentially and adaptively de‑
cide what to transmit as the next symbol. Therefore, chan‑
nel input 𝑥𝑖 at time instant 𝑖 depends not only on themes‑
sage b ∈ {0, 1}𝐾 , but also on the past feedback symbols.
The encoder maps the message b ∈ {0, 1}𝐾 onto the
codeword x = [𝑥1, … , 𝑥𝐿]𝑇 , where 𝐿 is the block length
and 𝐾 is the message length. The decoder maps the re‑
ceived codeword y = [𝑦1, … , 𝑦𝐿]𝑇 into the estimated in‑
formation bit sequence b̂ ∈ {0, 1}𝐾 ., where 𝑟 = 𝐾/𝐿
is the rate of the code. The BLER is given by BLER =
𝑃𝑟{b̂ ≠ b}. Similarly, the Bit Error Rate (BER) is given by
BER = 1/𝐾 ∑𝐾

𝑘=1 𝑃𝑟{𝑏̂𝑘 ≠ 𝑏𝑘}, where 𝑏𝑘 and 𝑏̂𝑘 denote
the 𝑘’th bit of the transmitted and reconstructed mes‑
sages, respectively. We assume an average power con‑
straint on the channel input, i.e., 1

𝐿 𝔼[‖x‖2] ≤ 1, where

Fig. 1 – Fading channel with noisy passive output feedback

the expectation is over the randomness in the informa‑ 
tion bits, the randomness in the noisy feedback symbols
[𝑧1, … , 𝑧𝐿]𝑇 and any other randomness in the encoder. 
We denote the forward and feedback channel SNR values 
by 𝜌 and 𝜂,  respectively, where:

𝜌 = 1/𝜎2
𝑛, 𝜂 = 1/𝜎2

𝑚. (3)

It should be noted that, we can generally identify two
types of feedback mechanisms in communication sys‑
tems, Active and Passive feedback. Here, we have consid‑
ered the passive output feedback. Unlike active feedback,
in the Passive feedback mechanism, the receiver does not
perform any active processing on the received symbols
prior to feedback. It is observed that when the SNR of
the feedback link is considerably higher than the SNR of
the forward channel, i.e. 𝜂 >> 𝜌, any active processing at
the receiver can be moved to the transmitter thanks to the
high quality feedback link [18], thereby ofϐloading the re‑
ceiver by the corresponding computational effort. An ex‑
ample of a feedback channel with passive output feedback
is the satellite‑ground communications: the ground‑to‑
satellite direction has a much larger transmission power
than the reverse link, thereby providing high quality out‑
put feedback [1].

3. ENCODER/DECODER ARCHITECTURES
A major limitation of the existingDNN‑based code designs
in [15, 16, 17] is their dependencies on the channel SNR.
That is, the encoder‑decoder pairs are trained jointly for
a speciϐic SNR value. This means that, to be able to use
these codes in practice, we will have to train and store
a different DNN pair for different ranges of SNR values,
which signiϐicantly limits their practical use in realistic
channels with varying SNR. On the other hand, in con‑
ventional channel codes, the encoder depends only on the
transmit power constraint, and the decoder uses the same
decoding algorithm for all SNR values after converting the
channel outputs into likelihood values depending on the
channel SNR. Accordingly, a major goal of our paper is
to implement a similar approach for DNN‑based code de‑
sign. This is achieved in this paper by incorporating an at‑
tention mechanism into the decoder of our proposed DRF
code. This will allow us to train and store a single DNN,
which can be used for all SNR values. Apart from this,
we design the DRF code for fading channels with feed‑
back, when the instantaneous channel SNR may change
over time. Fig. 2 depicts our proposed DRF encoder and
decoder architectures for a rate 50/153 code.
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Fig. 2 – The block diagram of the proposed DRF code structure. The novel blocks of the DRF encoder and decoder architecture are shown 
in blue for emphasis

3.1 Encoder

Fig. 2 illustrates the encoder architecture. Encoding 
is a two‑phase process: in phase I, the vector b =
[𝑏1, … , 𝑏𝐾, 0]𝑇 consisting of the message bits padded by a 
zero is transmitted over the channel by an antipodal map‑
ping, i.e., c𝐼 = 2b − 1. Zero padding is applied to mitigate 
the increasing error rate effects on the last few bits of the 
block as suggested in [15]. During phase II, the encoder 
uses a 1‑layer LSTM [31] network, including 𝐾 + 1 LSTM
units to generate two sets of parity symbols, i.e., c𝐼

(1)
𝐼 and

c(2)
𝐼𝐼 , based on the observations of channel noise and fad‑

ing in phase I and the delayed noise and fading in phase II
on each of the two sets of parity symbols. We use single
directional LSTM units due to the causality constraint en‑
forced by the channel model. The LSTM activation is hy‑
perbolic tangent, i.e., tanh(𝑥) = 𝑒𝑥−𝑒−𝑥

𝑒𝑥+𝑒−𝑥 , while the output
activation function is sigmoid, i.e., sigmoid(𝑥) = 1

1+𝑒−𝑥 .
The resulting code block transmitted over the channel
is x = [x𝑇

𝐼 , x(1)
𝐼𝐼

𝑇 , x(2)
𝐼𝐼

𝑇 ]𝑇 = [𝑥1, … , 𝑥3𝐾+3]𝑇 , where
x𝐼 = 𝒫{c𝐼} = [𝑥1, 𝑥2, … , 𝑥𝐾+1]𝑇 , x(1)

𝐼𝐼 = 𝒫{c(1)
𝐼𝐼 } =

[𝑥𝐾+2, 𝑥𝐾+3, … , 𝑥2𝐾+2]𝑇 , and x(2)
𝐼𝐼 = 𝒫{c(2)

𝐼𝐼 } =
[𝑥2𝐾+3, 𝑥2𝐾+4, … , 𝑥3𝐾+3]𝑇 . Here, 𝒫{⋅} denotes a learned 
power reallocation layer to balance the error over the 
whole block as suggested in [15]. Please note that we 
use antipodal, i.e. BPSK, signaling in phase I transmission 
but the parity symbols generated in phase II are discrete‑ 
time continuous amplitude symbols that can take arbi‑ 
trary real values. These continuous amplitude symbols 
are then directly mapped to the channel input, e.g. OFDM 
grid resources, following the channel input power con‑ 
straint.

The encoder estimates the forward channel from observa‑ 
tions of the feedback. The encoder knows the transmitted 
symbol 𝑥𝑖 and also observes the corresponding feedback 
symbol 𝑧𝑖 = 𝛼𝑖−1𝑥𝑖−1 +𝑛𝑖−1 +𝑚𝑖 with a single delay, and 
therefore, it can estimate the CSI 𝛼̂𝑖−1 from its observation.

This  estimate  of  the CSI  is  then input to the encoder. 
For example, in a fast fading scenario, where the fading 
coefϐicient takes random i.i.d. realizations on each sym‑ 
bol, the Linear Minimum Mean Square Error (LMMSE) es‑ 
timate of the channel gain can be calculated by:

̂𝛼𝑖 = 𝑥𝑖−1var(𝛼)
|𝑥𝑖−1|2var(𝛼) + 𝜎2𝑛 + 𝜎2𝑚

𝑧𝑖 (4)

+ 𝜎2
𝑛 + 𝜎2

𝑚
|𝑥𝑖−1|2var(𝛼) + 𝜎2𝑛 + 𝜎2𝑚

𝔼[𝛼],

where 𝔼[𝛼] and var(𝛼) denote the expected value and
variance of the fading coefϐicient, respectively. In a slow
fading scenario, the fading coefϐicient is ϐixed over the
whole codeword, i.e., for the considered rate 50/153 code
with a single bit zero padding we have 𝛼1 = ⋯ =
𝛼3𝐾+3 = 𝛼. The fading coefϐicient 𝛼 takes random i.i.d.
realizations over different codewords, and the transmit‑
ter uses the causal vectors z𝑖 = [𝑧1, … , 𝑧𝑖]𝑇 and x𝑖 =
[𝑥1, … , 𝑥𝑖]𝑇 , to calculate the LMMSE channel estimate as

̂𝛼 = var(𝛼)x𝑇
𝑖−1(var(𝛼)x𝑖−1x𝑇

𝑖−1 + 𝜎2
𝑛𝐼 + 𝜎2

𝑚𝐼)−1z𝑖 (5)
+ 𝔼[𝛼](1 − var(𝛼)x𝑇

𝑖−1(var(𝛼)x𝑖−1x𝑇
𝑖−1 + 𝜎2

𝑛𝐼 + 𝜎2
𝑚𝐼)−1x𝑖−1),

in which 𝐼 is the identity matrix. In these equations,
knowledge of 𝔼[𝛼] and var(𝛼) at the transmitter is as‑
sumed.
The causal CSI available at the encoder is fed into the
LSTM units to cope with channel uncertainty due to fad‑
ing. To this end, we concatenate the vector of instanta‑
neous channel fading coefϐicients in phase I, i.e. 𝛼𝛼𝛼𝐼 =
[𝛼1, … , 𝛼𝐾+1]𝑇 , and the causal fading coefϐicient in phase
II i.e. D𝛼𝛼𝛼(1)

𝐼𝐼 = [0, 𝛼𝐾+2, … , 𝛼2𝐾+1]𝑇 , and D𝛼𝛼𝛼(2)
𝐼𝐼 =

[0, 𝛼2𝐾+3, … , 𝛼3𝐾+2]𝑇 , and feed into the LSTM units at
the encoder (D denotes a single delay, see Fig. 2). We
also provide estimates of the noise in the forward and
feedback channels to the encoder, i.e. z𝐼 − 𝛼𝐼 ⊙ x𝐼 ,

©International Telecommunication Union, 2023

ITU Journal on Future and Evolving Technologies, Volume 4, Issue 3, September 2023

450



D(z𝐼
(1)

𝐼 − 𝛼𝐼
(1)

𝐼 ⊙ x𝐼
(1)

𝐼 ), and D(z𝐼
(2)

𝐼 − 𝛼𝐼
(2)

𝐼 ⊙ x𝐼
(2)

𝐼 ), where ⊙
denotes element‑wise multiplication. For the AWGN case
where 𝛼𝛼𝛼𝐼 = 𝛼𝛼𝛼𝐼

(1)
𝐼 = 𝛼𝛼𝛼𝐼

(2)
𝐼 = 1, the corresponding inputs

are omitted to avoid unnecessary complexity.

3.2 Decoder
Fig. 2 illustrates the DRF decoder consisting of a two‑ 
layer LSTM architecture (each including 𝐾 + 1 LSTM 
units) and an SNR‑aware fully connected attention net‑ 
work used for feature scaling. At the decoder, we use bidi‑ 
rectional LSTM layers to exploit long range forward and 
backward dependencies in the received code block. The 
phase I and II received signals are concatenated at the de‑ 
coder and fed to the bidirectional LSTM layers. Each LSTM 
layer is followed by batch normalization. In a similar way 
to the encoder, the LSTM activation is hyperbolic tangent 
while the output activation is sigmoid. The bidirectional 
LSTM layers extract features from the noisy received sig‑ 
nals, which are then used for efϐicient decoding.
Note that we use LSTM layers at both the encoder and the 
decoder, which, according to our observations, consider‑ 
ably reduce the error rate in comparison with simple RNN 
and Gated Recurrent Unit (GRU) layers used in [15]. This 
is because LSTM layers can better learn long‑range de‑ 
pendencies by avoiding the gradient vanishing problem 
in training long RNN layers [32, 33]. The LSTM architec‑ 
ture includes a set of gates that control when longer range 
information enters the memory, when it is output, and 
when it is forgotten [31]. This property is very favourable 
for channel encoding and decoding as generating redun‑ 
dancies based on long range dependencies is essential to 
achieving a block length gain.

3.3 SNR‑aware attention
A major novelty in our decoder architecture is the SNR‑ 
aware attention module. An attention mechanism is a vec‑ 
tor of importance weights to measure the correlations be‑ 
tween a vector of inputs and the target to be predicted. At‑ 
tention weights are calculated as a parameterized atten‑ 
tion function with learnable parameters [25, 26, 27, 28, 29].
We use a two‑layer Fully Connected (FC) attention at the 
DRF decoder as outlined in Table 1. The idea is to let the 
attention layers learn how much each bi‑LSTM output 
should be weighted according to the SNR. Also, by means 
of the attention module, we explicitly provide the noise 
standard deviation to the decoder, which enables learn‑ 
ing codes that are capable of adaptation to the channel 
SNR, which in turn allows the use of the same trained en‑ 
coder/decoder weights over a wide range of channel 
SNR values. Here, the standard deviations of the forward 
and feedback channel noise are obtained through 
link‑level estimation. The number of attention weights 
determines the number of neurons at the last FC layer in 
Table 1 and equals 2𝐻𝐾,  where 𝐻 is the length of the 
LSTM hidden state (i.e., 𝐻 = 𝐾 here) and is multiplied by 
2 because the LSTM layer is bidirectional. 

The total number of FC attention layers and the number 
of neurons in each intermediate layer are 
hyperparameters optimized numerically for the best 
performance.

Table 1 – Model architecture for the SNR‑aware attention module 
at the decoder

Layer Output Dim.
Input 2

Fully connected + sigmoid 4𝐾2

Fully connected + sigmoid 2𝐾2

ℒ(𝜃𝜃𝜃,𝜓𝜓𝜓, ℬ) = − 1
|ℬ| ∑

S𝑖∈ℬ
𝑙(𝑏̂𝑏̂𝑏̂𝑖,b𝑖; 𝜃𝜃𝜃,𝜓𝜓𝜓), (6)

𝑙(𝑏̂𝑏̂𝑏̂𝑖,b𝑖; 𝜃𝜃𝜃,𝜓𝜓𝜓) =
𝐾

∑
𝑘=1

[b𝑖]𝑘 log2(1−[𝑏̂𝑏̂𝑏̂𝑖]𝑘)+(1−[b𝑖]𝑘) log2([𝑏̂𝑏̂𝑏̂𝑖]𝑘),

(7) 
and [b𝑖]𝑘 and [𝑏𝑏𝑏̂̂̂𝑖]𝑘 denote the 𝑘th bit of the message and 
its estimate.
To train the model, we use a variant of the Stochastic Gra‑ 
dient Descent (SGD), for which the vector of all trainable 
parameters 𝜙𝜙𝜙𝑇 = [𝜃𝜃𝜃𝑇 , 𝜓𝜓𝜓𝑇 ] is updated by iterations of the 
form:

𝜙𝜙𝜙(𝑡) = 𝜙𝜙𝜙(𝑡−1) − 𝜇𝑡∇𝜙𝜙𝜙ℒ(𝜙𝜙𝜙(𝑡−1), ℬ(𝑡)), (8)

where 𝑡 is the iteration index, 𝜇𝑡 > 0 is the learning rate,
and ℬ(𝑡) is a random batch from the dataset.
To ensure that the model is trained with many random
realizations of the data and noise, we generate and use a
new random set of samples in each epoch. We denote the
dataset used in the 𝑢’th training epoch by 𝒟𝑢 = {S𝑖}|𝒟𝑢|

𝑖=1 ,
where |𝒟𝑢| = 𝜁|ℬ𝑢|, 𝜁 is a constant and |ℬ𝑢| is the batch
size for the 𝑢’th epoch. Training DNNs with SGD, or its
variants, requires careful choice of the training parame‑
ters (e.g., learning rate, batch size, etc.). For the speciϐic
task of training an efϐicient SNR‑robust channel encoder
and decoder, the SNR used to generate the training sam‑
ples S𝑖 also becomes a crucial parameter. In the following,
we present our proposed training approach with SNR and
batch size scheduling which enables faster training of the
DRF codes while resulting in a reliable and SNR‑robusten‑
coder/decoder pair.

4. TRAINING DRF CODES
We denote the 𝑖’th training sample by S𝑖 =
{b𝑖,𝛼𝛼𝛼𝑖,n𝑖,m𝑖}, which consists of a random realiza‑
tion of a message, i.e., b𝑖, the corresponding realization
of the channel fading coefϐicient 𝛼𝛼𝛼𝑖, and the forward
and feedback noise realizations, n𝑖 and m𝑖, respectively.
We denote the encoder and decoder functions by 𝑓(⋅; 𝜃𝜃𝜃)
and 𝑔(⋅;𝜓𝜓𝜓), where 𝜃𝜃𝜃 and 𝜓𝜓𝜓 are the trainable encoder and
decoder parameters. We have, 𝑏𝑏𝑏̂̂̂𝑖 = 𝑔(𝛼𝛼𝛼𝑖𝑓(S𝑖; 𝜃𝜃𝜃) + n𝑖;𝜓𝜓𝜓).
To train the model, we minimize

where ℬ is a batch of samples, 𝑙(𝑏𝑏𝑏̂̂̂𝑖,b𝑖; 𝜃𝜃𝜃,𝜓𝜓𝜓) is the binary
cross‑entropy loss given by
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Algorithm 1: Training of DRF codes with batch
size adaptation and SNR scheduling
Input: 𝑈 , 𝜌1 ≤ 𝜌2 ≤ ⋯ ≤ 𝜌𝑈 , |ℬ1|, 𝐵𝑚𝑎𝑥, 𝜁 , 𝜆, 𝜅
Data: ℒ0 = ∞

1 for epoch 𝑢 = 1, 2, … , 𝑈 do
2 Randomly generate training dataset 𝒟𝑢

consisting of
3 𝜁|ℬ𝑢| samples with forward SNR 𝜌𝑢
4 Perform one epoch of training using SGD as in

(8) and record ϐinal loss ℒ𝑢
5 if (ℒ𝑢 ≥ 𝜆ℒ𝑢−1)&(|ℬ𝑢| < 𝐵𝑚𝑎𝑥) then
6 Update batch size |ℬ𝑢+1| = 𝜅|ℬ𝑢|
7 else
8 |ℬ𝑢+1| = |ℬ𝑢|
9 end
10 end

Output: Trained encoder/decoder parameters 𝜃𝜃𝜃,𝜓𝜓𝜓

4.1 Batch‑size adaptation

In training machine learning models, a static batch size
held constant throughout the training process forces the
user to resolve a tradeoff. On one hand, small batch
sizes are desirable since they tend to achieve faster con‑
vergence. On the other hand, large batch sizes offer
more data‑parallelism, which in turn improves compu‑
tational efϐiciency and scalability [34, 35]. However, for
the speciϐic channel encoder/decoder training task a sig‑
niϐicantly larger batch size is necessary not only due to
the data‑parallelism beneϐits, but also because after a few
training steps, the error rate and consequently the bi‑
nary cross‑entropy loss (6) becomes very small, typically
10−4 ∼ 10−7 for the range of SNR values considered here.
Hence, to get a statistically accurate estimate of such a
small loss value, and consequently, an accurate estimate
of the gradient update in (8), the batch size must be very
large (typically ∼ 10000 samples here).
If the batch size is small, the performance saturates af‑
ter several epochs meaning that the optimizer enters a
state when it keeps iterating with inaccurate gradient es‑
timates leading to random ϐluctuations in the loss value
with no actual improvement. This is due to the fact that
a small batch size cannot provide an accurate estimate
of the gradient, and hence, training is stuck oscillating
around a minimum value, but is not able to further ap‑
proach it. In this situation, as the batch size is not suf‑
ϐiciently large to estimate the gradient accurately, an un‑
fortunate random realization of any batch can lead to ade‑
structive update of the model parameters causing sudden
jumps in the loss function and the BLER along the train‑
ing. It was observed in simulations that such destructive
updates hamper convergence, and at times, can totallyde‑
stroy the code and result in divergence.
To avoid these destructive updates, we here propose an
adaptive batch size scheme tailored for training a DNN‑
based channel encoder and decoder pair. In this scheme,
we train the model starting from a small batch size |ℬ1|,

and multiply the batch size by a factor of 𝜅 whenever 
the cross‑entropy loss does not decrease by a factor of 
𝜆 in two consecutive epochs, until we reach a maximum 
batch size value 𝐵𝑚𝑎𝑥. The maximum batch size is con‑ 
strained by the memory resources available to our train‑ 
ing platform. We hence train with a sequence of batch 
sizes, |ℬ1| ≤ |ℬ2| ≤ ⋯ ≤ |ℬ𝑈 | ≤ 𝐵𝑚𝑎𝑥, where 𝑈 is 
the total number of epochs. Starting from a smaller batch 
size enables a faster convergence during initial epochs. 
We increase the batch size whenever trapped around a 
minimum due to insufϐiciency of the batch size to achieve 
an accurate estimate of the gradient. This way, destruc‑ 
tive updates become less likely as we avoid iterating with 
inaccurate gradient estimates. The proposed batch size 
adaptation stabilizes and speeds up the training process 
by avoiding destructive updates due to batch size insufϐi‑ 
ciency.

4.2 SNR scheduling
When training the channel encoder/decoder pair for a 
range of SNR values, if low and high SNR samples are 
presented to the decoder together during training, the 
trained NN tends to be biased towards the lower SNR. 
This is because the error probability for higher SNR val‑ 
ues can be orders of magnitude smaller than the lower 
ones. Hence, the contribution of the high SNR samples 
in the batch to the binary cross‑entropy loss (6) becomes 
negligible. In this case, the low SNR samples will decide 
the loss value and consequently the gradient updates (8) 
causing the channel code to be biased towards lower SNR 
values. On the other hand, training is easier for lower SNR 
values, in the sense that, for higher SNR values, destruc‑ 
tive updates become more frequent causing the training 
to become less stable.
To train a channel encoder and decoder pair suitable for a 
wide SNR range, we here propose a scheduled‑SNR train‑ 
ing approach. This is motivated by the idea of curriculum 
training [36, 37], which suggests using a “curriculum” in 
presenting training samples to the DNN based on their 
“difϐiculty”. Curriculum training improves both the speed 
of convergence of the training process, and the quality of 
the local minima obtained in the case of non‑convex opti‑ 
mization criteria [36, 37].
Assume the goal is to efϐiciently train a channel en‑ 
coder/decoder pair that works sufϐiciently well for all for‑ 
ward channel SNR values 𝜌 ∈ [𝜌𝑚𝑖𝑛, 𝜌𝑚𝑎𝑥]. We start train‑ 
ing with lower SNR samples and increase the SNR along 
the epochs using an SNR schedule of 𝜌𝑚𝑖𝑛 = 𝜌1 ≤ 𝜌2 ≤ 
⋯ ≤ 𝜌𝑈 = 𝜌𝑚𝑎𝑥. We observed that SNR scheduling 
combined with batch size adaptation not only stabilizes 
and speeds up the training, but also improves the SNR‑ 
robustness when training an encoder/decoder pair for a 
wider SNR range. Algorithm 1 summarizes our training 
approach for DRF codes. The hyperparameters 𝑈 , |ℬ1|, 
𝐵𝑚𝑎𝑥, 𝜁 , 𝜆, and 𝜅 are chosen by numerical evaluations for 
the best performance.
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[38] upon connection of the UE to the network, based on
the channel conditions and available resources. After this,
the corresponding trained DNN is used for communica‑ 
tion which is either already available and saved at the UE,
or cached into the UE from the AP or BS. If the channel
conditions change signiϐicantly, then a new MCS will be
agreed between the UE and AP or BS and the correspond‑ 
ing newly‑trained DNN will be used (either locally avail‑ 
able or cached). With this design, deployment of the DRF
codes will have minimal effect on the existing communi‑ 
cation protocols. Please note that a major beneϐit of our
proposed DRF codes is to achieve signiϐicantly improved
robustness to changes in the channel SNR in comparison
with previous work, Deepcode [15]. This means that we
need to train and save fewer DNNs, thereby saving both
the time required for training the DNNs and the corre‑ 
sponding storage required to save the trained DNNs.
Computational complexity: Consider a (𝐾, 𝐿) DRF code,
the number of computations for execution of the DRF
code is 𝒪(𝐾𝜋2) where 𝜋 is the size of LSTM latent vari‑ 
ables, i.e., the number of latent features we use to repre‑ 
sent one input. The training complexity is proportional to
both the number of computations in the LSTM networks
and the number of training epochs 𝑈 . Hence, the training
complexity of DRF codes is 𝒪(𝐾𝑈𝜋2). In simulations we
have 𝐾 = 50, 𝜋 = 50, 𝑈 = 15, and training of a single user
DRF code takes roughly 3 hours on a NVIDIA GEFORCE
RTX 28 Ti GPU.  However,  it is  worth noting that the
training of DRF codes is a one‑shot cost. Once trained, the
code can be deployed and only the execution complexity
matters.
Storage requirements: Various MCS modes of operation
in the existing wireless standards, e.g. [38], require differ‑ 
ent code rates. This will incur storage of various trained
DNNs for each of the MCS values on the UE device. This is
challenging for the UE as these trained DNNs are large, e.g.
the DRF code has 87.9 × 106 ϐloat 32 parameters and the
trained code takes ∼ 18MB on device when compressed.
An alternative may be to cache and transmit these trained
DNNs to the UE from the AP/BS during the initial connec‑ 
tion establishment which will impose a communication
overhead.

5. NUMERICAL EVALUATIONS
In this section, we evaluate the performance of the pro‑ 
posed DRF codes. In all simulations, we use 109 random 
samples to achieve a reliable estimate of the error rate. 
Each sample includes a random realization of the mes‑ 
sage b, and the corresponding random realizations of for‑ 
ward and feedback channels. In all the simulations, we set

𝐾 = 50, 𝐿 = 153, and the NN optimizer is Adam [39]. The 
values of the hyperparameters are: 𝑈 = 15, |ℬ1| = 1000, 
𝐵𝑚𝑎𝑥 = 16000, 𝜁 = 100, 𝜆 = 2, 𝜅 = 2.

5.1 AWGN channel
In this subsection, we consider the AWGN case, i.e. 𝛼𝑖 = 
1, ∀𝑖. We ϐirst show the robustness of the proposed DRF 
codes to a mismatch between the training and the ac‑ 
tual channel SNR values. We then provide an ablation 
study to separately show the effectiveness of the SNR‑ 
aware attention mechanism and the proposed training 
approach to achieve SNR robustness. We ϐinally provide 
BLER comparisons between the DRF codes and both the 
conventional and feedback channel codes. We show that 
DRF codes outperform the benchmark Low Density Parity 
Check (LDPC) codes adopted for the 5th Generation New 
Radio (5G NR) [4],  by  three orders of magnitude and the 
previously proposed Deepcode [15] by an order of mag‑ 
nitude.

5.1.1 SNR‑robustness
We ϐirst compare the BLER of the proposed DRF codes 
with and without the attention module, when there is a 
mismatch between the actual channel SNR and the SNR 
used for training. The SNR mismatch is deϐined as Δ𝜌 = 
𝜌 − 𝜌,̂ where 𝜌 is the actual channel SNR and 𝜌 ̂ is the SNR 
used for training.
The results are depicted in Fig. 3, where we plot the BLER 
versus Δ𝜌 for 𝜌 = −1, 0, 1 dB. The results are plotted for 
both noiseless 𝜂 = ∞ and noisy feedback at 𝜂 = 20 dB. 
This ϐigure shows that without the SNR‑aware attention 
module at the decoder, the BLER is very sensitive to the 
SNR mismatch. In this case, a negative SNR mismatch (i.e., 
training SNR is higher than the actual channel SNR), can 
signiϐicantly degrade the BLER by orders of magnitude. 
The BLER is less sensitive to a positive mismatch but still 
roughly an order of magnitude BLER degradation is ob‑ 
served if there is Δ𝜌 = +3 dB mismatch between the 
training and test SNR values. This ϐigure shows that DRF 
codes are signiϐicantly more robust to both positive and 
negative SNR mismatch due to the SNR‑aware attention 
layers added to the decoder.

5.1.2 Ablation study
In this subsection, we compare the BLER of the DRF ar‑ 
chitecture with and without SNR scheduling and atten‑ 
tion, when the goal is to train a single DNN that works 
sufϐiciently well over all the SNR values 𝜌 ∈ {−1, 0, 1, 2} 
dB. The idea is to show the effectiveness of the proposed 
SNR‑aware attention at the decoder and scheduling of the 
training SNR, separately. To this end, we report in Table 2, 
the BLER values versus channel SNR when the feedback 
link is noiseless. We train all the schemes with batch size 
adaptation. The results labeled as “DRF code without at‑ 
tention (Separate Trained DNNs)” in Table 2, shows the 
performance when we have trained four different DNNs

Deployment protocols: The DRF codes are to be trained 
ofϐline for various operational SNR ranges of the network 
and the corresponding code rates. The trained DRF code 
is assumed to be saved and available either in the UE it‑ 
self or in a network entity closer to the UE, e.g. the corre‑ 
sponding Access Point (AP) or BS. Similar to the existing 
communication protocols, the UE and the AP or BS agree 
on an appropriate Modulation and Coding Scheme  (MCS)
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Fig. 3 – Comparison between the DRF code and LSTM‑based Deepcode in terms of BLER as a function of SNR mismatch Δ𝜌. 
(a) Noiseless feedback (𝜂 = ∞), (b) Noisy feedback (𝜂 = 20 dB)

Table 2 – SNR robustness for the proposed DRF codes and comparison with Deepcode, noiseless feedback (𝜂 = ∞)

Test SNR −1dB 0dB 1dB 2dB
DRF code without attention (Separate Trained DNNs) 2.1 × 10−4 1.7× 10−6 3.8 × 10−7 5.6 × 10−8

DRF code without attention (Trained over [−1, 2]dB) 2.8 × 10−4 7.9 × 10−6 1.6 × 10−6 4.8 × 10−7

DRF code with attention (Trained over [−1, 2]dB) 1.8× 10−4 5.3 × 10−6 9.7 × 10−7 1.2 × 10−7

DRF code (SNR Scheduling) 2.0 × 10−4 2.4 × 10−6 2.9× 10−7 5.1× 10−8

(without the attention module) at forward SNR values of
𝜌 ∈ {−1, 0, 1, 2} dB, and evaluated them on the same
test SNR value. However, in a realistic time‑varying chan‑
nel, the instantaneous SNR varies with time (e.g., a slow
channel fading scenario). In such cases, switching be‑
tween separate DNNs for channel encoding/decoding is
less practical.

The results labeled as “DRF code without attention
(Trained over [−1, 2]dB)” in Table 2, correspond to the
scheme where we train a single DRF code architecture
without attention on training samples generated with
SNR values picked uniformly at random from [−1, 2]dB
and then tested on each SNR value. As shown in Table 2,
this approach leads to considerable performance degra‑
dation speciϐically at higher SNR values. This is because
the trained code is considerably biased towards a better
performance at low SNR values.

The results labeled as “DRF code with attention (Trained
over [−1, 2]dB)” in Table 2, report the performance when
a single DRF architecture (including the attention mod‑
ule) is trained on samples generated with SNR values
picked uniformly at random from [−1, 2]dB and then
tested on each SNR value. As the DRF decoder is aware
of the SNR, it does not suffer as much performance degra‑
dation at high SNR values when it is trained over random
SNR values. However, it is still slightly biased towards a
better performance at low SNR values.

The results labeled as “DRF code (SNR Scheduling)” in 
Table 2, report the performance when a single DRF code 
architecture (including the attention module) is trained 
with the proposed SNR scheduling approach. Here, in‑ 
stead of training with samples generated with random 
SNR values picked from [−1, 2]dB, we train for three 
epochs on samples generated with each of the SNR val‑ 
ues in the schedule “‑1, ‑1, 0, 1, 2” dB, respectively, in that 
order (we observed in simulations that more training at 
SNR ‑1 dB improves the ϐinal performance). Comparing 
the last two rows of Table 2, we observe that curriculum 
training with an SNR schedule further improves the per‑ 
formance, speciϐically for the higher SNR values. 
According to these results, the proposed DRF code archi‑ 
tecture along with SNR scheduling achieves BLER better 
than or comparable with the “Separate Trained DNNs” 
case while alleviating the need to train and store several 
DNNs for various SNR values, thereby, signiϐicantly im‑ 
proving practicality of the DNN‑based code. Similar re‑ 
sults are observed for the noisy feedback case with 𝜂 = 
20 dB.

5.1.3 Error rate comparisons
Fig. 4 compares the BLER values achieved for recurrent 
code designs over the AWGN channel with feedback, for 
forward channel SNR values in the range {−1, 2} dB when 
(a) the feedback is noiseless (𝜂 = ∞), and (b) the feed‑
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Fig. 4 – BER comparison between the recurrent code designs over 
AWGN channels with feedback. (a) Noiseless feedback (𝜂 = ∞), 

(b) Noisy feedback (𝜂 = 20 dB)

back SNR is 𝜂 = 20 dB. Please note that the forward SNR 
range [−1, 2] has been adopted in these simulations to 
stay consistent with the literature [15, 17, 18, 19, 20]. 
The SNR range [−1, 2] is used in this line of research [15, 
17, 18, 19, 20] due to the fact that the conventional 
forward error correction codes, e.g. NR LDPC, polar, 
turbo codes, perform poorly in this range; refer to Fig. 4 
or [15], Fig. 2. Hence, better performing codes are 
required for the forward SNR values in the range [−1, 2].
The orange curve reports the BLER for the RNN‑based 
Deepcode architecture as proposed in [15]. According 
to this ϐigure, the proposed DRF codes reduce the BLER 
by almost three orders of magnitude in comparison with 
NR LDPC and an order of magnitude in comparison with 
Deepcode [15]. Note that for the Deepcode and DEF code, 
we have trained and used a different DNN for each of the 
four SNR‑BLER points corresponding to the markers on 
the curves of Fig. 4. However, for the DRF code, we have 
used a single DNN for all the SNR points, which is trained 
using our proposed SNR scheduling approach. In com‑ 
parison with the DEF code, the DRF code achieves SNR‑ 
robustness with no performance degradation.
We note that although DNN‑based codes achieve huge 
BLER reductions for the low SNR values considered here, 
we do not observe a decay as fast as the traditional chan‑ 
nel codes (e.g., LDPC) in their error rate as the SNR in‑ 
creases. This may be due to the fact that at higher SNR 
values, the error rate and consequently the binary cross‑ 
entropy loss becomes too small to be accurately estimated 
with affordable batch size values making the training un‑ 
stable as mentioned in Section 4. The error rate decay in 
the high SNR for the DNN‑based codes will be further in‑
vestigated in future research.

Fig. 5 – BER curves versus 𝜂 for forward SNR 𝜌 = 1 dB

In [19], the authors provide a comparison between re‑ 
current and transformer‑based codes over AWGN chan‑ 
nels with feedback when the feedback channel is noise‑ 
less and the feedback SNR is 20 dB, and they show that 
for such channels, the transformer‑based designs Atten‑ 
tionCode and GBAF [18, 19] achieve lower BLER in com‑ 
parison with recurrent RNN and LSTM‑based codes Deep‑ 
code, DEF, and DRF codes. Referring to [18], transformer‑ 
based designs require more computational complexity for 
the same block length in comparison with the recurrent 
DRF codes.DRF codes also achieve lower BER for lower 
feedback channel SNR ranges (i.e., feedback SNR 0‑10 dB). 
In Fig. 5, we plot the BER versus feedback SNR curves 
when the forward SNR value is ϐixed at 𝜌 = 1 dB. It is 
evident that DRF codes outperform Deepcode in a wide 
range of feedback channel SNR values, and achieve lower 
BER in comparison with the transformer based Attention‑ 
Code for feedback SNR lower than 9 dB.

5.2 Fading channel

In this subsection, we consider fading channels with feed‑ 
back as depicted in Fig. 1. Depending on the wireless 
environment, the CSI coefϐicient 𝛼𝑖 may follow various 
statistics [41, 42]. In this section we adopt the Rayleigh 
channel assumption, which is valid for rich scattering ur‑ 
ban environments when there exists no dominant Line‑ 
of‑Sight (LoS) multipath component. Hence, the forward 
channel gain 𝛼𝑖 follows the probability density function

2
(pdf) 𝑓(𝛼) = 𝛼

2 𝑒 −𝛼
2𝜎2 , 𝛼 > 0, where 𝜎 is the scale param‑𝜎

eter and the average power gain of the fading channel is
given by Ω = 2𝜎2.
We consider both slow and fast fading scenarios. In the
slow fading case, the fading coefϐicient takes random i.i.d.
Rayleigh realizations over each transmitted codeword,
but remains constant throughout the transmission of the
codeword. In the fast fading case, fading coefϐicients take
random i.i.d. Rayleigh realizations on each transmitted
symbol. This is an extreme case asweassume consecutive
channel realizations to be independent, while these are

____
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|𝛼 | +𝜎2𝑛

Fig. 6 – The BER curves for DRF codes over Rayleigh magnitude fading 
channels with Ω = 2𝜎2 = 1 as a function of the average channel SNR, 𝜌 
(dB). (a) Noiseless feedback (𝜂 = ∞)  , (b) Noisy feedback (𝜂 = 20 dB)

typically correlated in practice, governed by the Doppler 
proϐile of the channel.
In Fig. 6, we compare the resulting BER curves for DRF en‑ 
coding/decoding over Rayleigh magnitude fading chan‑ 
nels when the CSI is and is not available at the receiver 
(i.e. with and without RCSI). In the case with RCSI, the 
decoder ϐirst performs the Linear Minimum Mean Square 
Error (LMMSE) channel compensation on the received 
symbols, i.e., 𝑦𝑖̂ = 

𝑖 
2
𝛼𝑖 , and then uses 𝑦̂𝑖 as input to

the bidirectional LSTM units for decoding. Note that the 
encoder is the same as depicted in Fig. 2 for both cases. 
Fig. 6a exhibits the BER curves for the noiseless feedback 
case (𝜂 = ∞) , and Fig. 6b for the noisy feedback case at 𝜂 
= 20 dB. For a fair comparison, we use the exact value of 
the 𝛼𝑖 (not an estimated version) both at the encoder and 
decoder. The curves show similar performance for the 
two cases with and without CSI at the decoder for both 
the slow and fast fading cases. Therefore, we can conclude 
that the proposed DRF code learns to efϐiciently exploit 
the knowledge of the instantaneous CSI value 𝛼𝑖 available 
to the encoder through feedback, and no further improve‑ 
ment is achieved by providing the CSI also to the decoder. 
In other words, regardless of the fading scenario (i.e., slow 
or fast fading), providing the decoder with the knowledge 
of perfect instantaneous CSI does not achieve any further 
improvement in the error rate. This is a desirable result 
as it shows that using the proposed DRF codes, the com‑ 
plexity and overhead associated with channel estimation 
at the decoder can be reduced. Finally, note that the dot‑ 
ted curves in Fig. 6 represent the tangent lines with slopes 
corresponding to diversity orders 1 and 3 for comparison. 
The  DRF  codes  achieve  considerably  higher  diversity 
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Fig. 7 – The two‑user AWGN multicast channel with noisy output feed‑ 
back and common message

orders compared with the tangent lines speciϐically in 
the fast fading case.

6. MULTICAST CHANNELS WITH FEEDBACK
In a multicast channel with feedback the goal is to trans‑ 
mit a common message to multiple receivers simultane‑ 
ously while exploiting separate feedback signals from the 
decoders. This is another example of channels for which 
we do not have efϐicient codes with theoretical guaran‑ 
tees. It has been shown that linear feedback approaches 
that achieve the capacity and improve the error expo‑ 
nent in the case of a single receiver, are strictly subopti‑ 
mal in the case of multicasting [30]. Linear feedback ap‑ 
proaches, even with perfect feedback, fail to achieve the 
capacity. In the extreme case where the number of re‑ 
ceivers goes to inϐinity, the largest rate achieved by linear 
feedback schemes tends to be zero [30]. It is clear that 
non‑linear coding schemes are necessary for this channel; 
however, designing such codes is meticulously difϐicult. 
In this section, we show that DRF codes can be employed 
for multicasting a common message to multiple receivers 
with a noisy output feedback from each receiver.
Fig. 7 shows the channel model for a multicast AWGN 
channel with feedback, where the encoder transmits the 
common message b ∈ {0, 1}𝐾 , where 𝐾 is the message 
length, to two receivers simultaneously. In this model, 𝑥𝑖
denotes the channel input and 𝑦𝑖

1 and 𝑦𝑖
2 are the channel 

output symbols at receivers 1 and 2, respectively, where
𝑦𝑖

1 = 𝑥𝑖 + 𝑛 and 𝑦𝑖
2 = 𝑥𝑖 + 𝑛 , and 𝑛 and 𝑛 are 

jointly Gaussian noise terms, with variances 𝜎 1 and 𝜎 2

and correlation coefϐicient 𝜖. The two channel outputs are 
assumed to be available at the encoder with a unit time 
delay via passive AWGN feedback channels. At time 𝑖, the 
encoder has a noisy view of what was received by both re‑
ceivers: 𝑧𝑖

1 = 𝑦1
𝑖−1+𝑚 and 𝑧𝑖

2 = 𝑦2
𝑖−1+𝑚 , where 𝑚 and 

𝑚 are i.i.d. Gaussian noise terms, i.e., 𝑚1
𝑖−1 ∼ 𝒩(0, 𝜎 1 ) 

and 𝑚2
𝑖−1 ∼ 𝒩(0, 𝜎 2 ). The encoder can use the feedback 

symbols 𝑧𝑖
1, 𝑧𝑖

2 from the two receivers to sequentially and
adaptively decide what to transmit as the next symbol.
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Table 3 – BLER values for the two‑user AWGN multicast channel with noiseless output feedback (𝜂1 = 𝜂2 = ∞)

SNR Pair (𝜌1, 𝜌2) (0, 0) dB (0, 2) dB (2, 2) dB (2, 0) dB
𝜖 = 0 (3.3 × 10−1, 3.2 × 10−1) (3.2 × 10−2, 1.5 × 10−2) (1.6 × 10−4, 2.2 × 10−4) (5.3 × 10−3, 1.2 × 10−2)

𝜖 = 0.9 (4.7 × 10−3, 3.8 × 10−3) (1.2 × 10−3, 3.4 × 10−4) (9.0 × 10−6, 2.4 × 10−5) (2.5 × 10−4, 1.0 × 10−3)
𝜖 = −0.9 (1.3 × 10−1, 1.3 × 10−1) (6.3 × 10−3, 1.9 × 10−3) (4.5 × 10−5, 4.1 × 10−5) (5.6 × 10−3, 1.0 × 10−2)

Point to point bound (2.0 × 10−4, 2.0 × 10−4) (2.0 × 10−4, 5.1 × 10−8) (5.1 × 10−8, 5.1 × 10−8) (5.1 × 10−8, 2.0 × 10−4)

𝐿 𝐿

𝐿

2
𝑛 𝑚

Fig. 8 – The two‑user spectral efϐiciency for a rate 𝑟 = 50/153 DRF code 
over Guassian multicast channels with feedback (𝜂1 = 𝜂2 = ∞) .

The encoder maps the message b ∈ {0, 1}𝐾 onto the 
codeword x = [𝑥1, … , 𝑥𝐿]𝑇 , where 𝐿 is the block length 
and 𝐾 is the message length. The two decoders map 
their received codewords [𝑦1

1, … , 𝑦 1 ]𝑇 and [𝑦1
2, … , 𝑦 2 ]𝑇 

into the estimated information bits b̂1 ∈ {0, 1}𝐾 and 
b̂2 ∈ {0, 1}𝐾 , where 𝑟 = 𝐾/𝐿 is the rate of the code. The 
block error probabilities for the two receivers are given by 
𝑃 𝑟{b̂1 ≠ b} and 𝑃 𝑟{b̂2 ≠ b}, respectively. As before, we 
impose an average power constraint on the channel input, 
i.e., 1 𝔼[‖x‖2] ≤ 1, where the expectation is over the ran‑ 
domness in the information bits, the randomness in the
noisy feedback symbols and any other randomness in the
encoder. We denote the forward and feedback channel
SNR values for receiver 𝑡 by 𝜌𝑡 = 1/𝜎 𝑡 , and 𝜂𝑡 = 1/𝜎 2 

𝑡 ,
𝑡 = 1, 2.

The proposed DRF codes provide powerful tools for de‑ 
signing efϐicient codes for such channels even in the case 
of noisy feedback. This is achieved by a slight modiϐi‑ 
cation of the encoder network to enable the encoder to 
receive as input the feedback symbols from multiple re‑ 
ceivers. The LSTM units determine the parity symbols 
based on the received feedback from both receivers. This 
is a challenging task depending on how correlated the two 
forward noise terms, 𝑛1𝑖 and 𝑛2𝑖, are. The decoder is a 
two‑layer bidirectional LSTM architecture as in the point‑ 
to‑point case. The loss function is the summation of the 
binary cross‑entropy losses at the two decoders. In gen‑ 
eral, a weighted sum can be considered to give priority to 
one of the receivers over the other. We later show through 
simulations   the   power   of   DRF  codes  in  exploiting

multiple  feedback  signals  to  improve  the reliability at 
both receivers.
In Table 3, we report the BLER pairs achieved for the
forward SNR pairs of (𝜌1, 𝜌2) = (0, 0), (2, 0), (0, 2), (2, 2) 
dB when the correlation coefϐicient between the two for‑ 
ward noise sequences is 𝜖 = {0, 0.9, −0.9}. Here, the 
code rate is 𝑟 = 50/153 and the feedback from both re‑ 
ceivers is noiseless. We also provide the BLER values for 
the point‑to‑point (single user) case for reference. The 
two‑user BLER values considerably degrade in compar‑ 
ison with the point‑to‑point case. As expected, the BLER 
degradation is most when the two forward channel noise 
sequences are independent. This is due to the fact that 
when generating parity symbols, the LSTM cells will have 
to compromise between correcting errors for the two re‑ 
ceivers. When these errors are independent, this compro‑ 
mise becomes the most challenging.
For better interpretation, we present the corresponding 
spectral efϐiciency values in Fig. 8. The spectral efϐiciency
for receiver 𝑟 is calculated as SE𝑡 = 𝐾×(1−BLER𝑡)

𝐿 , where
𝐾 and 𝐿 represent the number of transmitted bits, and 
the corresponding number of channel uses, respectively, 
whereas BLER𝑡 is the block error rate at the output of de‑ 
coder 𝑡 (𝑡 = 1, 2) . The dotted black lines in Fig. 8 repre‑ 
sent the asymptotic spectral efϐiciency for each receiver, 
i.e. 50/153 = 0.3268.  This ϐigure shows that, when the
two noise variables 𝑛1 and 𝑛2 are positively correlated,
we can achieve performance very close to the error‑free
spectral efϐiciency for both users. We lose some perfor‑ 
mance when the two noises are negatively correlated and
the biggest performance loss occurs when they are inde‑ 
pendent. As expected, encoding becomes the most chal‑ 
lenging when the noise variables are independent. Note
that the DRF codes can be similarly trained for cases with
more than two receivers. Depending on the number of re‑ 
ceivers, the training can be resource and time consuming.
This is, however, not an issue because training is ofϐline,
and once trained, the resulting DRF code is applicable to
a wider range of SNR values thanks to our proposed SNR‑ 
aware attention mechanism and SNR scheduling for training.

7. CONCLUSIONS
In this paper, we proposed a DNN‑based error correc‑ 
tion code for fading channels with output feedback, called 
Deep SNR‑Robust Feedback (DRF) code. The proposed 
encoder transmits the message along with a sequence of 
parity symbols, which are generated by an LSTM architec‑ 
ture based on the message, as well as the observations of 
the past forward channel outputs available to the encoder
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with some additional noise. The decoder is implemented
as a two‑layer bidirectional LSTM architecture comple‑
mented with an SNR‑aware attention mechanism. It is
shown that the DRF code signiϐicantly improves over the
existing DNN‑based codes in terms of the error rate, as
well as the robustness to varying SNR values for AWGN
channels with very noisy output feedback. Over fading
channels, we showed that DRF codes can learn to efϐi‑
ciently use the knowledge of the instantaneous channel
fading (available to the encoder through feedback) to re‑
duce the overhead and complexity associated with chan‑
nel estimation at the receiver. Finally, we generalized
DRF codes to multicast channels with feedback, in which
linear feedback codes are known to fall short of achieving
the capacity. We showed that DRF codes can improve the
reliability of both receivers simultaneously. DRF codes
can be extended to many other types of channels, e.g.,
interference channels or relay channels with feedback,
which we leave for future research.
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