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A = traffic offered =\ erl.
where

A= Cadling rate = Expected no. of calls per unit of time;

T = Mean holding time expressed in the same unit of time.

TXA1

A = 1000 calls’hour

a
T = 90 sec.
_ 1000[90225 ol
3600 -
A = 1200 calls/hour b
T = 2min.
A = 1200D?:40 erl.
60 —
A = 4 callg/sec. c
T = 1.6min.
A = 471.6[60=384 el.
A = 35erl. TXA 2
T = 140 sec.
A= B calgsec, = 222990 _ 900 calg hour
140
A = 33erl. TXA 3

A = 1100 calls/hour

T = 3303600 _
1100

108 sec.




n =  Number of devices = 10. TXA 4
p =  Number of busy devices.

t, = Total time during the period with exactly p busy devices.

n
T = Total period. Ytp=T
p=0

A= Traffic handled by the group during the period.

. 1 n n tp
A'= 205 plip= 3 a7
p=0 p=0
No. of busy | Proportion of the total time th
devices | with exactly P busy devices pEI?
P t,/T
0 — —
1 — —
2 — —
3 — —
4 — —
5 0.10 0.50
6 0.20 1.20
7 0.25 1.75
8 0.15 1.20
9 0.20 1.80
10 0.10 1.00
t—p—100 Gt£—745
Sum > T 2P =0
A= 7.45¢l

E = Time congestion during the period = Proportion of time, when all
devices are busy

cont.




Observation No. of busy devices

no.
1 8
2 8
3 10
4 10
5 9
6 7
7 7
8 6
9 5
10 5

Sum 75

A= Traffic handled =1—:7.5er|.

E =Time congestion

cont:
TXA 4




Erlang Distribution TXA S5

A = Cdlingrate
T = Mean holding time

A = Trafficoffered = A1

E = Time congestion = Call congestion = B =
) “'/ =)
Where = Number of devices.
= 10

Using the Erlang Table, we find:

A erl. Eio (A)
1 0.0000
3 0.0008
) 0.0184
10 0.2146
15 0.4103

25 0.6224
50 0.8047
100 0.9011
200 0.9503
300 0.9668




Erlang Distribution TXA 6
See Example TXA 5
A = 10 el.
Using the Erlang Table, we find:
n E, (10)
1 0.9091
2 0.8197
3 0.7321
5 0.5640
7 0.4090
10 0.2146
15 0.0365
20 0.0019
25 0.0000
30 0.0000
Erlang Distribution TXA 7

Ex (A) = 0.005

Using the part of the Erlang Table where E is an input parameter, we
find:

A= 11092 erl.




Erlang Distribution

We want to find the smallest value of n, number of devices, for
which

E, (48) < 0.002

Using the part of the Erlang Table where E is an input parameter, we
find
Es; (48.38) = 0.002

We conclude:
n= 67 devices

The other part of the Erlang Table could of course be used as well,
but in that case interpolation has to be done.

TXA 8

Erlang Distribution

n = Number of devices= 18
A = Cadling rate = 480 calls/hour
T = Mean holding time = 105 sec.

A = Trafficoffred =\ -1 =
480105
=14 exl.
3600 -

E = Time congestion
B = Call congestion

E =B = B3 (14) =0.0628 (from the Erlang Table)

TXA 9

cont.



A'=  Traffichandled = A (J1- Ep(A)] = cont:
= 1401~ E1g(14)] = 1411~ 0.0628] = 13.12 e TXA9
a = Mean of traffic handled per device =
Af{l-E,(A 1
_AML-En(A)) AT _1312_ 0
n n 18 —

Traffic rejected = A-E(A)

= 14-Bg (14) = 14-0.0628 $.88 erl.
Expected number of rejected calls per hour =

=A-E, (A) = 480-F5 (14) = 480-0.0628 30.1 calls/ hour
Erlang Distribution TXA

10

n = 5 devices
A =2 erl.

a, = Traffic handled by the:th device
v=1,223475)

2el. — O O O O O
1 2 3 4 5

Random hunting:

_A [(1— En(A)) _ 2[(1— E5(2)) _

aV
n 5

_ 2[{1-00367)

=0385@el. (v=1234,5)

cont.



Sequentia hunting

a, =AE,4(A)-Ey(A)]
(v=12345  E(A)=1ifA>0)

Using the Erlang Table, we find

(B(2)=1)

E; (2) = 0.6667
E, (2) = 0.4000
E; (2) = 0.2105
E, (2) = 0.0952
Es (2) = 0.0367

a = 2[Eg(2) - E1(2)] =201~ 06667] = 0667 erl.
& =2 EﬁEl(z) - E2(2)] = 21]0.6667 — 0.4000] = 0533 erl.
etc.

Result:
=Y = 0.667 erl. & = 0533 erl. & = 0379 exl.
a, =0231erl. as = 0117 exl.
1.3 1
Notethat —[I) a, =—[1.927=0.385erl.
5 5

v=1

We conclude that the mean value of the traffic handled per deviceis
the same for sequential hunting and for random hunting.

cont:
TXA
10




Erlang Distribution

(sequentia hunting)

a, = Traffic handled by the v:th device
8, =-A [ﬁEv—l(A) - EV(A)]
v=12,..n; BA)=1ifA>0)

Let a = Mean of traffic handled by the different devices =

n v=1
2 =3 AEA)-E(R))-
- L T E(A) 3 E(A) - EnlA)F
n 8 v=1 v=1 u
_A f1-En(A)]

= Traffic handled per device in a group with random hunting
n devices and traffic offered = A erl.

TXA
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Erlang Distribution

Eio (A) =0.005 gives A =3.961 exl.
E100 (A) = 0.005 gives A =80.91 erl.

(according to the Erlang Table)

n=10 n =100
A 3.961 erl. 80.91 erl.
E, (A) 0.005 0.005
A;=1.1-A 4.36 erl. 89.00 erl.
E, (A 0.009 0.024
A,=1.2-A 4.75 erl. 97.09 erl
En(A) 0.014 0.059

If “a” denotes traffic handled per device, we find:

n=10 n =100
A a=0.394 a=0.805
A =1.1A a=0.432 a=0.869
A,=1.2-A a=0.469 a=0.914

TXA
12
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Denote the length of the interval by T. The distribution function F(x)
is by definition:

F(x)=P{T<x}

Calculate the complementary distribution function:
1-F(x)=P{T >x}

Oo<j<n:

Theinterval may end by acall or atermination. Then T > x if

1) No call in (0, x) and
2)  Noterminationin (0, x).

The probability of 1) is ¢ ¥

. X
piEs
The probability of 2) is €

Consequently,

o
I.e. an exponential distribution with the parameter At
T

The meanof an exponentially distributed random variable is equal to

the inverse of the parameter i.e.
T

A+

TXA
13

cont.
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The state ends by atransition to (j+1) if thefirst eventisacall.

The conditional probability that the first event isacall occuring in
(X, x+dx) is

P{the first event isacall/acall occursin (x,x +dx)} =
P{no termination in (0,x), no call in (0,x), onecal in (x,x +dx)} =

. X
- _
e T En o

Taking away the condition, by the theorem of total probaility, the
required probability pis

At] A+

. X
il [E
p=J’e e 0 fx = )\.:
0

T

The probability that the state ends by atransition to (j-1) is
1-p i.e

- A= L
AYI T AY]
=0
1- F(x) = - _ AR
(x) = P{no call in (O,X)} =e
F(x)=1-¢ ™

The mean value is the inverse of the parameter =
1

A

cont:
TXA
13

cont.
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P{state(j=0) - state(j=1} =1 cont:
. — TXA
P{state(j=0) - state(j=-1} =0 13
C
j=n
X a
_n
1-FH(x)= P{no termination in (O,x)} —e T
_nix
F(x)=1-e T
Mean value = r b
n
P{state(j=n) - stae(j=n+1)}=0 c
Plstate(j=n) - stae(j=n-1}=1
Denote the call length by X. TXA
14
Exactly 2 pulses if 3<x<6: a
P{3<x<6} =F(6)-F(3 =
O _9% 0 §%
=g-e 3g-d-e 3
O OO O
= 1-e2=03679-01353= 02326
<2pulsesif x <3: b
3
P{x<3 =1-e 3=1-¢ 1=06321
> 2 pulsesif x = 6: C

wlo

= e2=01353

P{x = 6} —e

cont.
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> 2 pulsesif x> 3:

cont:

3 TXA
P{x>3 =e 3=¢1=03679 34
< 2 pulsesif x <6: e
6
P{x<6} =1-e 3=1-e72=0.8647
Denote the number of pulses by K. TXA
15

K | Probability
1 _m
1-e T
2 ~m  2m
eT-e T
3 2m  3m
e T-e T
j (i-)m  _jmm
e T _a T
» O_(-)m _jmQ
Ekp=y igp T e T
=1 0 0

m _2m _2
T

_m am  _2m
_ T _ T T _
“lra2 493 149420 135

= ageometric series with quotient e

m/t

so thesumis 1 _.¢
mo Mo

1-e

m

m

T

+

2 4 43
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Denote length of conversation by x. TXA
16

P{x>6min} =P{x>6 and A - B} +

+P{x>6andB - A} =
= Pp_gP{x>6/A - B} + Py o[P{x>6/B ~ A} =

_6 _6

= 055[@ 4+0.45[@ 3 =0550@ °+045@& > =
= 055[0.2231+0.45[0.1353=0.184
Take one of the conversations. The probability that it isstill in TXA
progress after 1 min. is 17

1

e 3

The probability that it has ended before 1 min. is
1

1-e 3

The five conversations are independent of each other. So the
problem is analog to the situation when we make 5 independent
trials in which the probability of successis constant.

In this example success = conversation in progress, so by the
binomial distribution the required probability is

fo 177

g -

=1000.7165° [0.2835° = 0.117
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ag = A(Eg(A) - Eo(A))

10 AJ
Y / DElO(A)

9

P{9 first trunks occupied} =
= P{9 first occupied and 10th free} +

+P{9 first occupied and 10th occupied}

Left side=Eg(A).

Last term on RHS= P{all 10 occupied} = E1g(A).

Consequently:
Eg(A)=P(9first occ. and 10th free) + Eqo(A)
and

P{9 first occ. and 10th free} = Eg(A) - E1o(A)

TXA
18
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As the number of devicesis the same as the number of sources thereis | TXA
no interference between the calls from different sources. The offered | 19
traffic will be carried. So the problem is analogous to a series of 6
experiments where the probability of success in each experiment is
equal to the probability of finding a source being occupied = 0.5 (as
each source offeres 0.5 erl.)
Traffic offered =6[05=3 erl.
Time congestion = P{all 6 trunks are occupied} =
= P{all 6 sources are occupied} = 05° =0016
Call congestion =0 as no calls can arrive when all trunks
are occupied.
N = No. of sources. n=No. of devices. TXA
20
N >> n [ Erlang Distribution:
A =3¢l
Time congestion = Call congestion =
= Ep(A) = E4(3) =0.052
TXA
21
No.of | No.of | Distribution | Traffic | Traffic| Cal | Time
Sources | devices offered | offered Conges|Conges-
per -tion | tion
source
N n erl. erl. B E
6 6 |[BERNOULLI| 0.5 3 0 0.016
00 6 ERLANG 0 3 10.052 | 0.052
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Device Possible states

no. /—/R

1 O @O OO @000 OO X X N© ®

2 O O @ OO0 " NoNoN X X¢ ee o ®

3 O 00 @O0 e e e NN X )

4 O 000 e OO0e0ee e ee °
— —_— L —_— —
0 busy 1 busy 2 busy 3 busy 4 busy
devices device devices devices devices

No. of states with exactly O busy devices=1

B e

Total no. of different states =

=1+4+6+4+1=1

No. of states, where devices no. 1 and no. 3

are busy = 4

TXA
22
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The different states are (0), (1), (2) ..., (n),
where (p) denotes p busy devices (p = 0,1,...n).

The number of different states arethus=n+1.

We may consider a sequence of n symbols, each of whichis

either O or 1, where O denotesafreedevice and 1 abusy device.

Example:
busy devices

"\

110100011

\ —=—

free devices

We have 2 possibilities for each device, O or 1.

Therefore there are 2 [2 524182 = 2" different sequences

n factors
and so 2" different states.

The number of different states with exactly p devices engaged is
the same as the number of combinations of p out of n elements.

Thus, the number of different states with exactly p devices engaged is

N[
%)@ (p=0,1,..n)
Note:
n [
S %p : (1+2)" = 2" (compare with b)
p=0

TXA
23

cont.
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The other

(n-x) devices
_— \

o[%eo@o@@g?

x specified devices

In all p devices engaged, where p = x. Among the (n-x) devices,
there are thus (p-x) devices engaged. Anaogously to ¢) we can then
state:

The number of different states with x specified devices engaged

and, simultaneously, exactly p devices engaged is

e

(P=xx+1...n x=01,..,n)

[p] = P{exactly any p devices being engaged}.
(p=01,...,n).
A specified state with exactly p devices engaged has the probability
[l
If we have random hunting, asthere arein al %@different states

with exactly p devices engaged according to ¢) and as all those

different states will have one and the same probability.

cont:
TXA
23

cont.
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In order to find
h(x, p) = P{x specified devices engaged, and,

simultaneously, exactly p devices engaged}

we shall thus add a certain number of equal probabilities,

namely M; that number is, according to d), %:i%

Therefore,

ep) =L (p=xcrtn)

- X

Now, we have that
H(x) = P{x specified devices engaged}

must be equal to

H(= 3 hxp)

p=X

so theresult is:

9= 3 B

cl

cont:
TXA
23
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The probability that 3 specified devices are engaged = the probability | TXA
that 3 specified sources are engaged = The probability of successin 3|24
specified trials out of 6 independent experiments where the probability
of success=0.5ineachtrial, i.e.
05°=0.125
Erlang Distribution: TXA
25
H(X) — En(A)
En-x(A)
nN=6;A=3el;x=3
H(3)= 56(3) _0.052157 _ ) 1eq

3(3) 0346154 ———




