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Assumptions

A delay system is characterised by the fact that blocked calls can wait and be served later when a device
becomes free.

For the assumption (TGD 2.9) this means that

W(p)=1fordlp (TFD 1.1)
It also means that a delay system must be able to accept as many queuing calls as can possibly be produced. A
system, which can accept only alimited number of waiting calls, functions above that limit as aloss system and
should be regarded as a combined delay and loss system.
Here we shall deal only with genuine delay systems where W(p) = 1 for dl p.
One may either assume that all queuing calls wait until served or that waiting calls can give up. Both of these
assumptions are dealt with in the sequel. The former leads to simpler mathematical expressions, the latter to
improved realism.
For the complete treatment of a delay system it is necessary to define the queue discipline, i.e. the way in which
the next served call is selected from the queue. One may distinguish between essentially three methods of
handling queues:
ordered queue (first come, first served);
random queue (every queuing call has the same probability of being the next one to be served;
priority queue (all queuing calls have different priorities, that with the highest priority is served first).
There are also combinations of these queue disciplines, as well as cases in which two-step queuing is used
(from an outer room a number is taken into an inner room; al in the inner room are served before new calls are
admitted).

The queue discipline has an influence on the waiting time distribution, but not generally on the mean waiting
time.

Consider afull availability group (N,n)

- O- O- O0- - O- O- O O O O O
N n

The state of the system is defined as (p), where

For p > n the state (p) implies that » devices are engaged and that p-» calls are waiting.

It is evident that N must be ># for adelay to arise. This excludes the assumption for the Bernoulli distribution
being considered for a waiting system. For the case N = o, n = oo, it is not considered that a delay can arise.
Therefore, the assumptions for the Poisson distribution are not valid here.

Thus the delay systems are limited to cases when

N>n (TFD 1.3)

where N can be finite or infinite, while » must always be finite.
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For the intensities of termination it is assumed that

Hp = for 0<p<N

(TFD 1.4)

p,="+Z0p-n) for ~ p>n

“ |3 v

fnl@
MmO Oooo

© >0 meansthat awaiting call gives up with the intensity ©/s.
© =0 meansthat al callswait until they are served. The assumption
© >0 impliesthat awaiting call continues to wait for atime described by the exponential distribution

(©]
il

o -°
f)="t (TFD 1.5)

with the mean value é

Expression (TFD 1.4) gives the following general solution:

p-! 0
sP ) vv) E
[p]:";—o,UOJ for 0Sps< N
pZl E (TFD 1.4a)
o [1»(v) 0
[p]= E! V=0 J0] for n< p< NO
er™ p ) 0
n! |_| E// JZ— + V@ O
v=n+l o E
where N may either be finite or infinite.
For the intensities of increase it is assumed that
A=y(p)W(p) (TFD 2.9)
where W (p) = [ for dl p. 0<p<N
and

y(p)=(N-p)IB EB ppe O
»p)=y E  ope O (TFD 1.6)
v(p)=ally+p) TNBpe

Insertion of (TFD 1.4) and (TGD 2.9) in (TGD 1.11) gives

pUpl=sB(p-Dp-1] forO0<psn 0O

(TFD 1.7)
(n+O@Up-n)Up]=sB(p-1)Up-1] forn<ps N[

O

From (TFD 1.7) the solution for different assumptions regarding y (p) as given in (TFD 1.6) is then obtained

by recursions and using
N

[p]=1
p=0

it is understood that increased @ means that the waiting will become shorter before the calls give up. If
©= 1, no cdl will wait at al and the system becomes aloss system.

Some characteristics of delay systems




In addition to the quantities defined for loss systems, the waiting times must aso be specified for delay systems.

Time congestion

Time congestion is here defined as the probability that all devices are engaged. Consequently,

N
E = Z[p] (TFD 2.1)
p=n
Call congestion

Call congestion is defined as the probability that a call must wait = the proportion of calls which must wait.
Consequently,

N
> y(p)Up]

B=P(>0)="—— (TFD 2.2)
> y(p)Up]

p=0

Probability of giving up waiting

The expected proportion of calls that give up waiting is calculated as

N
> (p1wn-p)

_ p=ntl
Bg, = v (TFD 2.29)

> ¥(p)pr]

p=0

where N may be either finite or infinite.

Carried and offered traffic

The traffic carried by the n devicesis

n-1 N

Alzzp[ph nilp] (TFD 2.3)
2.1

=n

The traffic offered is
N
4= s0(p) I p] (TFD 2.4)
p=0

The relation between A and A is obtained from

s(p)Up]=(p+rDUp+1] for0<sp<n(

0 (TFD 1.7)
s(p)Up]=(n+OUp-n+1)Up+1] fornsp<Np

observing that y(N) = 0. When there are no free sources, no more calls can be offered.

N

N n
S s(p)Upl=3 papl+ Y (n+OUp-n))dp]

p=0 p=1 p=n+l



Consequently,
A=A+0@ (TFD 2.5)
where
N
0= S (p-n)lp] (TFD 2.6)
p=n+l

Q is the mean number of waiting calls in the system = mean length of queue, calculated over the entire period
(including occasions when there are no waiting calls).

It is evident that

A=Al for ©=0

1 (TFD 2.7)
A>A" for ©>0

The improvement factor

The improvement factor is defined as the additional amount of traffic that can be carried if the number of
devicesisincreased fromnto n + An.

F=A'"(n+4n) - A'(n) (TFD 3.10)

Probability that x specific devices are engaged

For a delay system according to (TGD 3.11) this probability is

Ch—x[
n—1 — N
Hy = Z[p]EIHu+ >Ip] (TFD 3.11)

Waiting times

The waiting time distribution depends on the queue discipline. If the frequency function of the waiting timesis
denoted by £'(z), the mean waiting time for the waiting callsis

u= Iz OF (t )dt (TFD 2.8)
t=0

while the mean waiting time for all callsis
U=P(>0) I:JJ't Of (t )dt (TFD 2.9)
t=0

P (>0) = the probability that a call must wait, i.e.
U=P(>0)0 (TFD 2.9a9)

U<u (TFD 2.10)



Waiting time distributions

The probability of long (troublesome) waiting times is generally most important from the service point of view.
The probability that awaiting call has to wait longer than atime tq:

P,(>ty)=P,(t>ty)= J'f(x)dx (TFD 2.11)

x=t,

The probability that an arbitrary call hasto wait longer than atime #,:

P(>ty)=P(>0)P,(>1ty) (TFD 2.12)
P(>zo):P(>0)DIf(x)dx (TFD 2.123)
X=1
The waiting time distribution is depending on the queue discipline, while the (TFD 2.13)

mean waiting time is nearly always independent of the queue discipline.

Since waiting can occur only when the number of sources is greater than the number of devices (N >n), there
are only three distributions to be considered here, namely those of the types EB, E and TNB. For each of these
distributions there are two possible cases corresponding to whether waiting calls are assumed to give up or not
(© >0 or ©=0). The assumption @ > 0 increases the realism of the models but increases also the complexity
of the formulas.

Since the distribution of the TNB type has not yet been used in theory, there only remain EB and E to be
described in more detail .

For the loss systems (TFL) we investigated one traffic parameter at atime, for all the different basic cases (EB,
E etc.). Here we found it suitable to do quite the opposite, namely to investigate one basic case at atime, for all
the different traffic parameters.

Limited number of sources. delay system of Engset type

O- - O- O- O- O- - O O O O
N n

Assumption (TFD 1.3) + (TFD 1.4) + (TFD 1.6EB) gives

0<psN g
N>n E
p O
Hp == for 0spsn
§ O
1, O 0p-n) for n<p<nH (TFD 3.1)
S S
0
Ap=x(p)W(p) B
y(p)=(N-p)LB 0
Wip)=1 forOSpSNE

© =0 : dl calswait until served

© >0 : waiting calls give up waiting with the intensityE
S




From
Ap-iUp=1]=u,Op] (TGD 1.12)

we obtain for the assumption (TFD 1.4) + (TFD 1.6EB):

—SNE@/" 0] O<ps<
(1=, o’ 0o <psn
=P DND@/” 0 <psN
Lr1= " e nsps
p—n
= 7_'ll'(n+vED) (TFD 3.2)

N V
};Uﬂ=1
p:
DELAY SYSTEM DISTRIBUTION
OF ENGSET TYPE

a=p0 (N>n)
(©=0)

For @ =0 (TFD 3.2) isreduced to

ovO
[p]:BpHmPU()] 0<p<n
__ O p
[p] e E@ZEB} 707 n<p<N
N
S [p]=1 (TFD 3.3)
p=0
a=pLp01
©=0

Time congestion
For (TFD 3.2) and (TFD 3.3) we get
N
E = Z[p] (TFD 3.4)
p=n
Call Congestion

For (TFD 3.2) and (TFD 3.3) the call congestion is equal to the probability that a call hasto wait:

v
> (N-p)BUp]
B=(P>0)=£"
> (N-p)BUp]
=0




v
Y(N-p)Up]

B= p;n (TFD 3.5)
Y(N-p)Up]

p=0

which can be written

(N-n)[EE+nU{E-[n])

B=57 7 (TED 3.53)
WWHI_E)*‘(N_FI)@E‘FHME_[I’Z])
For © = 0, Bisreduced to
B= Nmm”_m)f) ~[n]) (TFD 3.6)
——————+nl{E-[n])
I+a
For© =1
E—iﬂn]
_NE+nOn] _~ N (TFD 3.7)
N-nlJn] _n
1-—0n]
N
Note that the case © = I gives
0
ovO N
=0 op’ui-5)"P0
[r] HH Y1-5) 0
[l
0
=4 . (TFD 3.8)
1+a 0
0
0
e=1 0
0
0

If p=n,weobtain
N -
[n] = B7 HD:" a1-b)N™"

(TFD 3.8) isidentical to the Bernoulli distribution (TFL 2.1B) for a loss system. The state /p/, however, here
signifies n occupations and p - n waiting callsfor p >n.

The expected proportion of calls that give up waiting is calculated as

N EE N
> [pIE-Up-n) > [pltip-n)

_ p=ntl _ O _p=n+i
Bg =1 == D”N (TFD 3.9)

a
> [PJUN=-p)IB Y [pJUN=-p)
=() p=0

which can be written

By =—S- 1 (Na-nlfl+a))tE +nlin] (TFD 3.99)
@ NGO+a)+(Na-nQl+a)d0-1)E+(O-1)tn]

I+a




For © =0, B,, = 0, which must be correct as © = 0 impliesthat no call gives up.

For the casewhen @ = [:

_ _n J+af nln]
By = E [@r 2 E(T§+ s (TFD 3.9b)

The effect of @ can beillustrated by the following numerical example:

Consider a group with N = 10 sources, n = 4 devices and a = 0.5. For different values of @ we obtain the
following numerical values on the characteristics:

Characteristic O =0 O =] e =2 0=
E 0.511 0.441 0.408 0.289
B 0.397 0.350 0.326 0.240
B, 0 0.094 0.131 0.240
0 0.571 0.313 0.223 0
A 3.143 3.020 2.962 2.755
A 3.143 3.333 3.408 3.623
Aqr 0 0.094 0.131 0.240
A
By 0 0.269 0.400 1.000
B
4. Infinite number of sources. Delay system of Erlang type (Erlang I1)
O- O- O- O- O0- - O- O O O O
N n
N = oo n finite
O0<sp=so

Assumption (TFD 1.1) + (TFD 1.6E) gives.

0<sp<so
N =0
n finite

,up:€ 0<p<n

TFD 4.1
n,o ( )

Hp ==+~ Up-n) nspsw
Ap=y(p)W(p)

y(p)=y

W(p)=1 forallp

o o

© = 0 meansthat all calls wait until served

© >0 meansthat waiting calls give up with the intensity €
N

using 4, Fp] =2, dp-1] (TGD 1.11)
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and applying the assumption (TFD 4.1), we get

Af
[p] == 100] 0<psn
p!
AP n
(pl=—— BA—IEEO] n<p<oo
n!
(n+v[®)
V=
[p]=1
o=
A=y ©=0
For © =0
Ap
[p]=—"H0] O<psn
p!
A —n n
[p]z@-g 707 n<pse
n n!
Y Irl=1
p=0
A=y3<nm 0=0
Erlang's distribution for DELAY system

(TFD 4.2)

(TFD 4.3)

Note - (TFD 4.3) requiresthat 4 <n to satisfy the convergence condition (TGD 3.18).

Time congestion

E=3%1[p]
p=n
For €=0
ingL
- n! n—A4 —
E= n—lAv 4" n =D,(4)
>0t
vl nl n-4
which is Erlang's Second Formula

For @ >0 the expression is more complicated but fully calculable.

For the special case © = I, we obtain

P
[p]:A—/I} 4 9<p<oo
and
© p
E= S A
p=n P!

Thecase © = ] isidentical to the Poisson distribution for afull availability group in aloss system (compare

(TFD 4.4)

(TFD 4.5)

section TFL). The state (p), however, here signifies n occupations and p - n waiting callswhen p >n.
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Call congestion

According to (TFD 2.2),

> vip]
B=P(>0)=£"——=% [p]=E

Yylpl "

p=0

i.e B =E

asy (p) =y isindependent of the state of the system, (p). (Infinite number of sources).

For ©@ > 0 the proportion of calls which give up waiting is calculated as

Z [p]EQpr n) 5 =
By, =27 =05 [p]Up=n)
S [p] pend
p=0
A=yl3
From
(n+O(p-n)Up]=AUp-1]
or
(p=mTp] =2 p=1]-20p]
P pl=gHr cir
and
Z(p n)Up]‘—DZ[p]—ED Z[p]
p=n+l p=n p=n+l
we get

Z(p n)qp]_—[chE n(E +nl]n])
p=n+l

so that (TFD 4.7) can be written

n A-n
Bgu:;qn]+ (E
where [n] and E are dependent on ©.
Foro® =1
n _ [ee] p
By =2 Apy g
g n! A p!
’ p=n+l

In(TFD 4.7a) and (TFD 4.8) 4 canbe <n or >n.

(TFD 4.6)

(TFD 4.7)

(TFD 4.8)

(TFD 4.7a)

(TFD 4.9)
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Traffic carried and traffic offered

According to (TFD 2.3), thetraffic carried is

n-1 o n-1 o0
Alzzptﬂphzntup]:m [p-1+n0Y (7]
P= p=n = =n
LS =yl
A1:A%— [plo+nlE A=yl3

le

A= Afi-[n-1-E)+nE
A= A+ (n- A)E -nn]
We aso note that
AA-B,)=A+(n- A)LE—nlk]

For the offered traffic according to (TFD 2.4)

A= S s[p]=sD

p=0
The difference between 4 and 4’ is

Ad=A- A =nln]-(n- A)(E

For© =0
A" n
n! n-4A A" o
E=D,(4)=— ; =——3—1(J0]
A4 A n n! n—A4
z —+—0O—
Sv! n! n-4A
An
[n]= — goj D, (A) = Erlang's Second Formula!
n!
Consequently
n
=F
n_AUn]
or
nJn]=(n-A4)E
from which it follows that
AA=0
A=A
0=0
For @ >0, on the other hand,
A>A

(TFD 4.10)

(TFD 4.11)

(TFD 4.12)

(TFD 4.43)

(TFD 4.13)

(TFD 4.14)
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According to (TFD 2.6) and (TFD 4.9) the mean length of queues = the mean number of waiting calls in the
systems.

[« I D
= (p—n =—Onn]-(n—-A4)E)O
0 p;ﬂp )T p] =g Untn]=(n=4) )D (TFD 4.15
0>0 0
For © =0
A O
=——W,(4) g
n—A 0
o=0 0 (TFD 4.16)
A<n E
0
Probability that x specified devices are engaged
For random hunting and ® = 0, we get, according to (TDG 3.11)
(after some rearrangement)
-4 0o 7 4 M
H(x)=2"2,(4)0 + s
n OE,_(A) n-A4 (TFD 4.17)
@=0 H

where E, (4) is Erlang’s first formula (TFL 3.1E). The relation betwé®n4) andE, (4) can be written:

- niE,(A)
D= {1-E,(4)) (TFD 4.18)
(A<n)
or
£ (4= (Tm A DA
n-AD,(4) O (TFD 4.18a)
A<n ©=0 H

Load on they:th device

As N = o, the load on the:th device in a sequentially huntédl availability group can be calculated as

ay = by +(1=b, ) I~ (D, (4)
n

b, = AUE, ;(4) - E,(4)) (TFD 4.19)
0=0

For random hunting

A A A
ay =" =" 'E [”]Q (TFD 4.20)
0>0 H
and
y
a, =2H
n0 (TFD 4.203)
=0 H
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The effect of different @ - values can be illustrated by the following numerical examplefor N =4, A = 3:

Characteristic O =0 e =] O =2 O =w
E=B 0.509 0.353 0.314 0.206
By, 0 0.107 0.133 0.206
0 1.528 0.319 0.199 0
A 3 2.681 2.601 2.382
A 3 3 3 3
AAr 0 0.107 0.133 0.206
A
B 0 0.302 0.424 1.000
B

Waiting time distribution

The mean waiting (U) is usually independent of the queue discipline, whereas the waiting time distribution f{z)
is strongly depending on it. There is no general method for derivation of U and f{z) and the expressions for
them are not usually simple explicit expressions.

The simplest cases are obtained with ordered queuing, the very simplest being that of Erlang’ s waiting time
distribution (TFD 4.3). We shall limit ourselves to relating this case.

For (TFD 4.3) the mean waiting time for waiting calls is

= TFD 5.1
U= ( )
and for all calls
_ _ N
U=P(>0)ti=D,(4)B— (TFD 5.2)
€=0
The waiting time distribution for waiting calls will be according to (TFD 2.11)
B n—A
P(>1)=e = (TFD 5.3)

and for all calls

P(r=0)=1-D,(4)

_ —A%% (TFD 5.4)
P(r>ty))=D,(4A)& s "H
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A

0.1 —

0.01 —

0.001 +

FIGURE TFD 5/1

v

Waiting time distribution for all calls,for ordered queue (dotted) and for randomly serviced queue.
The two cases have the same mean value.
No waiting calls give up waiting (@ = 0).

Delay system with constant holding time: the Crommelin distribution

For cases with constant holding time the assumptions made in section TGD do not apply. To derive cases of
this kind, one can use Fry’ s equations of state.

Fry’'s equations of state. Concept.

Assume equilibrium and consider the system at the points of #imes + 4 , where# is the constant holding
time

The occupations which were in progress ate all completed at+ /4 , atz + 4 there are now only calls which
were queuing atand new calls.

n n+p
[Pln =S VI DP(p. )+ S [v], P(p=v+nh) (TFD 6.1)
v=0 v=n+l

P(p,h) = probability that exactly calls occur during the interval ¢ + h).
ForN = oo, @= 0 and ordered queue, Crommelin’ s distribution is obtained.

For n = 1 the mean waiting time for all calls is

U= (TFD 6.2)

a = traffic offered = traffic carried 1.

For n > I the exact solution will be very complicated. One can, however, use a modification of Molina’s
approximate expression:
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_ n+l
I Pul(4) ] " i
ntl I-a |-g" Ita (TFD 6.3)

v

a=£<1 n1
n

Note that (TFD 6.2), for constant holding time, gives exactly half of the mean waiting time obtained for
exponentially distributed holding time with the same mean holding time. The expression (TFD 5.2) givesfor

n=1 A=a s=h

TFD 6.4
- (TFD 6.4
I-a
(exponentia distribution)
Forn=1
)
Uconst = B |:Uexp (TFD 6.5)
and for arbitrary » according to (TFD 6.3) and (TFD 5.2):
n+l
_ n -a 1
Uconst = Uexp Dn T Ed o D1 o (TFD 6.6)
i.e.
Uconst < Uexp
The waiting time distribution for the Crommelin case can be written:
P(t=0)=1-D,(A) g
O
o p-] X
_ TFD 6.7
P(t>1g)=% ZPVE{ﬂDe A5 E ( )
x!
pu=1v=0 O
where
0 Ly ¥
0 B=p-G-- Dﬁﬁ
0 Or 0Oh
O
o o
O x=qu+zY %B‘l +n—-1-v
0 gy
O
|:| v
0 R=Y1[p]
d p=0

t
E = the integer part of -0
O h
A

= traffic offered < n

The probability P(z>t,) of long waiting timeswill belessfor (TFD 6.7) than for (TFD 5.4).
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P(>t) P(>t)
1.0
0.1
0.01
n=1 n=8

a=04 A=64
0.001

(a=0.8)
0.0001

0 1.0 2.0 3.0 4.0 5.0 6.0 t 0 1.0 20

FIGURE TFD 6/1 : Waiting time distribution for all calls for exponentially distributed holding time (dotted)

and for constant holding time.
Infinite number of sources and ordered gueue; no waiting cals give up (6 = 0).
Thetime is expressed in multiples of the constant holding time.

3.0
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Composite holding time distribution

In many practical cases the holding time distributions are neither constant nor exponentially distributed. Often
there is a composition of different constant holding times. Often, too, some of these holding times are
prolonged by the necessity to wait for other devices. This waiting time may often have the character of an
approximate distribution.

If one determines the real holding time distribution with its mean 4 and variance 0'2, one may usually expect
that, in practical cases, the values of a/h will be between the corresponding values for the cases with constant
and exponentia waiting timefor all calls(8=0).

[nfinite number of sources (N = )

u=g-

h= [T (1) dr isthe mean holding time
=0

2]
g
%wconst + Z_Z |:l[-]exp (TFD 7.2)

}'\I)|Q

where

= I(t—7z)2 OF (1) dr isthevariance
t=0

U ons: Trom (TFD 6.3) (modified Molina)
Uexp from (TFD 5.2) (Erlang)

h and o2 from the holding time distribution

For constant holding time we have o>=0and U = U const -

For an exponentia holding time distribution we have 0% = 52 and U =Ugyp-

U is unaffected by the queue discipline.

Finite number of sources

With a finite number of sources, the waiting times are limited as compared with N = o . An approximate
method for taking this effect into account, with composite holding time distribution and finite humber of
sources, is to use the following formulafor the mean waiting time for al calls:

Un, N)_§1 @wm Z expEE@l - (TFD7.2)

%mt from (TFD 6.3) (modified Molina)
exp from (TFD 5.2) (Erlang)

2

where

o
B and o® fromthe holding time distribution
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Waiting time distribution

Expressions for the waiting time distribution for a composite holding time distribution are usually very
complicated. The queue discipline, furthermore, has a great significance. The probability of very short and very
long waiting timesis greater with a random than with an ordered queue.

With a priority queue the result is roughly the same as in cases with a finite number of sources where the
number of sources = the priority.

General comments; Kendall's notations

During the last decades an enormous amount of theoretical studies has been made on delay systems. These
studies, which use different combinations of assumptions regarding input, service time and queue discipline,
are mainly dealing with the description of waiting cases outside the telecommunications field. It is estimated
that there may be at least 1000 articles and 100 books on queuing problems availadptelittmaries today. It

is quite clear that this wave of interest for queuing problems has been beneficial and fruitful for the treatment of
waiting problems within the telecommunications field as well. However, most of the solutions presented
involve rather complicated mathematical expressions which have to be used for arriving at practical results.
Therefore, the long known formulas deduced by Erlang, Molina, Fry, Crommelin and others are still of the
highest value when it comes to practical calculations.

To bridge the gaps where existing simple formulas cannot provide accurate practical results, the traffic engineer
of today generally prefers to use computer simulations. Provided the real conditions are correctly reflected in

the assumptions transferred to the design and dimensioning of waiting systems used in telecommunication
plant. The simulations also advise when simple approximate formulas can be applied and when they should not
be used.

In order to easily define the assumptions used in a delay system study, D.G. Kendall introduced a notation
system which by code letters describes the assumptions for

a) the input process

b) the holding/service times
c) the number of servers

d) the queue discipline.

Since notations, like M/M1 (FIFO) are used frequently in the literature, it is reason to relate them here.
Therefore, a classification of a queuing system
a/ b/ c/ (d)

For the input process, the following notations are used:

M =Exponentially distributed intervals between calls, i.e. Poisson input, (infinite number of sources)

D = Deterministic input, i.e. constant intervals between calls;

G = General distribution for intervals between calls;

GI = General independent intervals;

E, = Erlang-k distributed intervals (whet®, = M ).

For the _holding time distribution, b), the same letters as for a) are used, then defining the holding time
distribution.
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For the number of servers, c), the notation is usually
1 for one server,
n for an arbitrary number of servers.
For the queue discipline, d) example of typical notations are:
FIFO: Firstin, First out (ordered queue)
RANDOM: Random queue.

Consequently, as an example of Kendall's classification system, M/ M/n (FIFOO defines the Erlang
distribution for delay systems (defined in (TFD 4.3), (TFD 5.1) - (TFD 5.4) ) as a full availability group with
an arbitrary number of devices (n), and when no callers give up waiting. In the same way, M/D/n (FIFO)
defines the Crommelin waiting time distribution for Poisson input, constant holding times and ordered queue as
described in Chapter TFD 3.

The classification system does not give a complete picture of the considered system since the following details
are missing from the Teletraffic Theory point of view:

« number of single traffic sources generating the traffic input;

« grouping arrangements other than full availability, as for instance: gradings, link systems, etc.;
* hunting rules whenever the hunting for free devices has an impact on the traffic case;

« delayed calls waiting until served, or not.

This section has only dealt with full availability groups where there is only one possible waiting stage,
namely outside the group before the calls being served. The telecommunication techniques provide, however,
also more complicated waiting cases, especially when it comes to processing calls in markers, processors and
other common equipment. In a setting-up procedure for a call, waiting may namely occur in different stages of
this procedure, meaning that the total setting-up time may consist of the sum of working times plus a number of
possible waiting times. This type of waiting system is called Composite Delay System.
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Basic Teletraffic Theory (T)
EXERCISES B
Full Availability Group, Delay System
Basic Exercises
IXB1

To afull availability group in a delay system consisting of 30 devices is offered a traffic with the calling rate
700 calls/hour and the mean holding time 108 sec.

Supposing the assumptions for the Erlang distribution for delay systemsto be fulfilled, calculate
a) thetraffic offered;
b) the probability of delay;
¢) thetraffic handled;
d) the mean of the traffic handled per device;
€) themean waiting timefor al calls;
f) the mean waiting time for calls, which have to wait.
TXB 2

Same assumptions and numerical values as in Exercise TXB 1. Assume further that the queue is served in the
order of arrival.

a) Calculatethe probability that a call hasto wait longer than 3, 6, 12, 24, sec.;
b) Calculate the probability that a call has to wait longer than 3, 6, 12, 24 sec., given that it hasto
wait.

TXB3

It is assumed that cals arrive to 1 device in a delay system according to a Poisson process with calling rate
4,320 calls/hour.

The holding times are assumed to be independent of one another and of the arrival process. They are assumed
to follow an exponential distribution with the mean holding time S sec.

It is further assumed that no queuing calls give up waiting and that queuing calls are served in the order of
arrival.

What isthe largest value of Sin sec. that can be allowed to fulfilled the condition that the probability that a call
has to wait longer than 3 sec. shall not be greater than 0.01?

TXB4

What is the greatest calling rate that can be offered to a full availability group of 2 devicesin a delay system if
the mean waiting time for all calls shall be at most 2 sec.?

The mean holding time is known to be 0.4 sec. and the assumptions of the Erlang distribution for delay systems
are assumed to be fulfilled.

TXB5
Show that

Eq (4) < E; (4)
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TXB 6
Consider an Erlang delay system with 10 trunks and offered traffic 8 erlangs. The mean conversation time is 5
min. Delayed calls are served in order of arrival. What is the probability that an arriving call finding one other
call in the queue has to wait longer than 0.5 min.?

TXB7

Consider an Erlang delay system with » = 10 trunksand A4 = 4 erl. Calculate the proportion of time when there
is at least one call waiting.

TXB8

To 1 device in a delay system calls are arriving according to a Poisson process with the calling rate 4,320
calls/hour.

The holding times are independent random variables with one and the same distribution:

P{holdingtime = 0.2sec} =

Wk

P{holdingtime = 0.4 sec} =

wlN

The holding times and the inter-arrival times are independent and no queuing calls give up waiting.
a) What isthe probability of delay?
b) What isthe mean waiting time for calls which have to wait?
¢) What isthe mean waiting time for all calls?

TXB9

1 devicein adelay system is considered.

It isassumed that calls are arriving according to a Poisson process with the calling rate 2,880 callg/hour.

The holding times are assumed to be independent random variables with a distribution given by the frequency
function

) (1<0)

/0= %LG g >0

wheret is measured in sec.

The holding times and the inter-arrival times are assumed to be independent of one another and it is further
assumed that no queuing calls give up waiting.

a) What isthe probability of delay?
b) What isthe mean waiting time for calls which have to wait?
c) What isthe mean waiting time for all calls?



