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NOTATIONS

Carried traffic pr. source or per channel

Offered traffic = A,

Carried traffic =Y

Lost traffic

Call congestion

Burstiness

Constant

Traffic congestion = load congestion

Catalan’s number

Slot size in multi-rate traffic

Probability of delay or

Deterministic arrival or service process

Time congestion

Erlang’s B—formula = Erlang’s 1. formula
Erlang’s C—formula = Erlang’s 2. formula
Improvement function

Number of groups

Constant time interval or service time
Palm—Jacobeeus’ formula

Inverse time congestion I = 1/E

Modified Besselfunction of order v

Accessibility = hunting capacity

Maximum number of customers in a queueing system
Number of links in a telecommuncation network or
number of nodes in a queueing network

Mean queue length

Mean queue length when the queue is greater than zero
Stochastic variable for queue length

Mean value (average) = m;

i’th (non-central) moment

1’th centrale moment

Mean residual life time

Poisson arrival process

Number of servers (channels)

Number of traffic streams or traffic types

State probabilities, time averages

Probability for state ¢ at time ¢ given state j at time ¢,
Cumulated state probabilities P(i) = 3" _ _ p(x)
Relative (non normalised) state probabilities
Cumulated values of ¢(i): Q(i) = X' q(x)
Normalisation constant
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Mean response time

Mean service time
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Time instant
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Variance
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Chapter 1

Introduction to Teletraffic Engineering

Teletraffic theory is defined as the application of probability theory to the solution of problems
concerning planning, performance evaluation, operation and maintenance of telecommunica-
tion systems. More generally, teletraffic theory can be viewed as a discipline of planning
where the tools (stochastic processes, queueing theory and numerical simulation) are taken
from operations research.

The term teletraffic covers all kinds of data communication traffic and telecommunication
traffic. The theory will primarily be illustrated by examples from telephone and datacom-
munication systems. The tools developed are, however, independent of the technology and
applicable within other areas such as road traffic, air traffic, manufacturing and assembly
belts, distribution, workshop and storage management, and all kinds of service systems.

The objective of teletraffic theory can be formulated as follows:

“to make the traffic measurable in well defined units through mathematical models and
to derive the relationship between grade-of-service and system capacity in such a way
that the theory becomes a tool by which investments can be planned”.

The task of teletraffic theory is to design systems as cost effectively as possible with a pre-
defined grade of service when we know the future traffic demand and the capacity of system
elements. Furthermore, it is the task of teletraffic theory to specify methods for controlling
that the actual grade of service is fulfilling the requirements, and also to specify emergency
actions when systems are overloaded or technical faults occur. This requires methods for fore-
casting the demand (e.g. from traffic measurements), methods for calculating the capacity of
the systems, and specification of quantitative measures for the grade of service.

When applying the theory in practice, a series of decision problems concerning both short
term as well as long term arrangements occur.
Short term decisions include e.g. the determination of the number of circuits in a trunk group,



the number of operators at switching boards, the number of open lanes in the supermarket,
and the allocation of priorities to jobs in a computer system.

Long term decisions include e.g. decisions concerning the development and extension of data-
and telecommunication networks, the purchase of cable equipment, transmission systems etc.

The application of the theory in connection with design of new systems can help in comparing
different solutions and thus eliminate bad solutions at an early stage without having to build
up prototypes.

1.1 Modelling of telecommunication systems

For the analysis of a telecommunication system, a model must be set up to describe the
whole (or parts of) the system. This modelling process is fundamental especially for new
applications of the teletraffic theory; it requires knowledge of both the technical system as
well as the mathematical tools and the implementation of the model on a computer. Such a

MAN Traffic

Stochastic User demands

O\

MACHINE Structure Strategy

Deterministic Hardware Software

Figure 1.1: Telecommunication systems are complex man/machine systems. The task of
teletraffic theory is to configure optimal systems from knowledge of user requirements and
habits.

model contains three main elements (Fig. 1.1):

e the system structure,
e the operational strategy, and

e the statistical properties of the traffic.



1.1.1 System structure

This part is technically determined and it is in principle possible to obtain any level of details
in the description e.g. at component level. Reliability aspects are stochastic and will be
considered as traffic with a high priority. The system structure is given by the physical or
logical system which normally is presented in manuals. In road traffic systems roads, traffic
signals, roundabout, etc. make up the structure.

1.1.2 The Operational Strategy

A given physical system (e.g. a roundabout road traffic system) can be used in different ways
in order to adapt the traffic system to the demand. In road traffic, it is implemented with
traffic rules and strategies which might be different for the morning and the evening traffic.

In a computer, this adaption takes place by means of the operation system and by operator
interference. In a telecommunication system strategies are applied in order to give priority to
call attempts and in order to route the traffic to the destination. In stored program control
(SPC) telephone exchanges, the tasks assigned to the central processor are divided into classes
with different priorities. The highest priority is given to accepted calls followed by new call
attempts whereas routine control of equipment has lower priority. The classical telephone
systems used wired logic in order to introduce strategies while in modern systems it is done
by software, enabling more flexible and adaptive strategies.

1.1.3 Statistical properties of traffic

User demands are modelled by statistical properties of the traffic. Only by measurements
on real systems is it possible to validate that the theoretical modelling is in agreement with
reality. This process must necessarily be of an iterative nature (Fig. 1.2). A mathematical
model is build up from a solid knowledge of the traffic. Properties are then derived from the
model and compared to measured data. If they are not in satisfactory accordance with each
other, a new iteration of the process must take place.

It appears natural to split the description of the traffic properties into stochastic processes for
arrival of call attempts and processes describing service (holding) times. These two processes
is normally assumed to be mutually independent meaning that the duration of a call is
independent of the time the call arrived. Models also exists for describing users experiencing
blocking, i.e. they are refused service and may make a new call attempt a little later (repeated
call attempts). Fig. 1.3 illustrates the terminology usually applied in the teletraffic theory.
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Figure 1.2: Teletraffic theory is an inductive discipline. From observations of real systems we
establish theoretical models, from which we derive parameters, which can be compared with
corresponding observations from the real system. If there is agreement, the model has been
validated. If not, then we have to elaborate the model further. This scientific way of working
is called the research spiral, and is e.g. described by A. Naess and J. Galtung (1969 [2]).

|
~~——————|nter-arrival time ————>,
|

Busy

~<— Holding time —>f=<—Idle time —>

Idle

Arrival time Departure time Time

Figure 1.3: Illustration of the terminology applied for a traffic process. Notice the difference
between time intervals and instants of time. We use the terms arrival and call synonymously.
The inter-arrival time, respectively the inter-departure time, are the time intervals between
arrivals, respectively departures.



1.1.4 Models

General requirements to a model are:

1. It must without major difficulty be possible to verify the model and it must be possible
to determine the model parameters from observed data.

2. It must be feasible to apply the model for practical dimensioning.

We are looking for a description of e.g. the variations observed in the number of ongoing
established calls in a telephone exchange, which vary incessantly due to calls being established
and terminated. Even though common habits, daily variations follows a predictable pattern
for the subscriber behaviour, it is impossible to predict individual call attempt or duration
of individual calls. In the description, it is therefore necessary to use statistical methods. We
say that call attempt events takes place according to a stochastic process, and the inter arrival
time between call attempts is described by those probability distributions which characterises
the stochastic process.

An alternative to a mathematical model is a simulation model or a physical model (prototype).
In a computer simulation model it is common to use either collected data directly or to use
statistical distributions. It is however, more resource demanding to work with simulation
since the simulation model is not general. Every individual case must be simulated. The
development of a prototype is even more time and resource consuming than a simulation
model.

In general mathematical models are therefore preferred but often it is necessary to apply
simulation to develop the mathematical model. Sometimes prototypes are developed for
ultimate testing.

1.2 Conventional Telephone Systems

This section gives a short description on what happens when a call arrives to a traditional
telephone central. We divide the description into three parts: structure, strategy and traffic.
It is common practice to distinguish between subscriber exchanges (access switches, local
exchanges, LEX) and transit exchanges (TEX) due to the hierarchical structure according to
which most national telephone networks are designed. Subscribers are connected directly to
access switches while local exchanges can be used between access switches without a direct
connection. Finally, transit switches are used to connect local exchanges without a direct
connection or to increase the reliability.



1.2.1 System structure

Here we consider a telephone exchange of the crossbar type. Even though this type is being
taken out of service these years, a description of its functionality gives a good illustration on
the tasks which need to be solved in a digital exchange. The equipment in a conventional
telephone exchange consists of voice paths and control paths. (Fig. 1.4).

Subscriber Stage Group Selector

Voice Path E / f Junctor JD_/}
oee e Subscriber \\ \

++++++++++++++++++++++ e R S
Processor Processor
Control Paths < Processor
Register

Figure 1.4: Fundamental structure of a switching system.

The voice paths are occupied during the whole duration of the call (in average three minutes)
while the control paths only are occupied during the call establishment phase (in the range
0.1 to 1 sec). The number of voice paths is therefore considerable larger than the number of
control paths. The voice path is a connection from a given inlet (subscriber) to a given outlet.
In a space divided system the voice paths consists of passive component (like relays, diodes
or VLSI circuits) In a time divided system the voice paths consists of (a) specific time-slot(s)
within a frame. The control paths are responsible for establishing the connection. Normally,
this happens in a number of stages where each stage is performed by a control device: a
microprocessor, or a register.

Tasks of the control device are:

Identification of the originating subscriber (who wants a connection (inlet).

Reception of the digit information (address, outlet).

Search after an idle connection between inlet and outlet.

Establishment of the connection.

Release of the connection (performed sometimes by the voice path itself).



In addition the charging of the calls must be taken care of. In conventional exchanges the
control path are build up on relays and/or electronic devices and the logical operations are
done by wired logic. Changes in the functions requires physical changes and they are difficult
and expensive

In digital exchanges the control devices are processors. The logical functions are carried out
by software, and changes are considerable more easy to implement. The restrictions are far
less constraining, as well as the complexity of the logical operations compared to the wired
logic. Software controlled exchanges are also called SPC-systems, (Stored Program Control).

1.2.2 User behaviour

We consider a conventional telephone system. When an A-subscriber initiates a call, the
hook is taken off and the wired pair to the subscriber is short-circuited. This triggers a relay
at the exchange. The relay identifies the subscriber and a micro processor in the subscriber
stage choose an idle cord. The subscriber and the cord is connected through a switch stage.
This terminology originates from a the time when a manual operator by means of the cord
was connected to the subscriber. A manual operator corresponds to a register. The cord has
three outlets.

A register is through another switch stage coupled on the cord. Thereby the subscriber is
connected to a register (register selector) via the cord. This phase takes less than one second.

The register sends the ready signal to the subscriber who dials the desired telephone number
B-subscriber, which is received and maintained by the register. The duration of this phase
depends on the subscriber.

A microprocessor analyses the digit information and by means of a group selector establishes
a connection through to the desired subscriber. It can be a subscriber at same exchange, at
a neighbour exchange or a remote exchange. It is common to distinguish between exchanges
to which a direct link exists, and exchanges for which this is not the case. In the latter
case a connection must go through an exchange at a higher level in the hierarchy. The digit
information is delivered by means of a code transmitter to the code receiver of the desired
exchange which then transmit the information to the registers of the exchange.

The register has now fulfilled its obligation and is released so it is idle for the service of other
call attempts. The microprocessors work very fast (around 1 — 10 ms) and independent of
the subscribers. The cord is occupied during the whole duration of the call and takes over
the control of the call when the register is released. It takes care of e.g. different types of
signals (busy, reference etc), pulses for charging, and release of the connection when the call
is put down.

It happens that a call does not pass on as planned, the subscriber may make a mistake, hang
up very suddenly etc. Furthermore, capacity limits exists in the system. This will be dealt



with in Chap. 2. Call attempt towards a subscriber takes place in approximately the same
way. A code receiver at the exchange of the B-subscriber receives the digits and a connection
is put up through the group switch stage and the local switch stage through the B-subscriber
with use of the registers of the receiving exchange.

1.2.3 Operation Strategy

The voice path normally works as loss systems while the control path works as delay systems
(Chap. 2).

If there is not both an idle cord as well as an idle register then the subscriber will get no
ready tone no matter how long he/she waits. If there is no idle outlet from the exchange
to the desired B-subscriber a busy tone will be forwarded. Independently of any additional
waiting there will not be established any connection.

If a microprocessor (or all microprocessors of a specific type when there are several) is busy,
then the call will wait until the microprocessor becomes idle. Due to the very short holding
time then waiting time will often be so short that the subscribers do not notice anything. If
several subscribers are waiting for the same microprocessor, they will normally get service in
random order independent of the time of arrival.

The way by which the control devices of the same type and the cords share the work is
often cyclic, such that they get approximately the same amount of call attempts. This is an
advantage since this ensures the same amount of wear and since a subscriber only rarely will
get a defect cord or control path again if the call attempt is repeated.

If a control path is occupied more than a given time, a forced disconnection of the call will
take place. This makes it impossible for a single call to block vital parts of the exchange
like e.g. a register. It is also only possible to generate the ringing tone for a limited duration
of time towards a B-subscriber and by that block this telephone a limited time at each call
attempt. The exchange must be able to work and function normally independent of the
behaviour of the subscriber.

The cooperation between the different parts takes place in accordance to strictly and well
defined rules, called protocols, which in conventional systems is determined by the wired logic
and in software control systems by software logic.

The digital systems (e.g. ISDN = Integrated Services Digital Network), where the whole
telephone system is digitalized from subscriber to subscriber (2- B+ D = 2 x 64+ 16 (kbit/s)
per subscriber) of course operates differently than the conventional systems described above.
However, the fundamental teletraffic tools for evaluation are the same in both systems. The
same also covers the future broadband systems B-ISDN which will be based on ATM =
Asynchronous Transfer Mode (see section ?7).



1.3 Communication Networks

There exists different kinds of communications networks:, telephone networks, telex networks,
data networks, Internet, etc. Today the telephone network is dominating and physically other
networks will often be integrated in the telephone network. In future digital networks it is
the plan to integrate a large number of services in the same network (ISDN, B-ISDN).

1.3.1 The telephone network

The telephone network has traditionally been build up as a hierarchical system. The indi-
vidual subscribers is connected to a subscriber switch or sometimes a local exchange (LEX)
This part of the network is called the access network. The subscriber switch is connected to a
specific main local exchange which again is connected to a transit exchange (TEX) of which
there is normally at least one for each area code. The transit exchanges are normally con-
nected into a mesh structure. (Fig. 1.5). These connections between the transit exchanges
are called the hierarchical transit network. There exists furthermore connections between
two local exchanges (or subscriber switches) belonging to different transit exchanges (local
exchanges) if the traffic demand is sufficient to justify it.

() Q O (O—CQ)
VRN
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Mesh network Star network Ring network

Figure 1.5: There are three basic structures of networks: mesh, star and ring. Mesh networks
are applicable when there are few large exchanges (upper part of the hierarchy, also named
polygon net), whereas star networks are proper when there are many small exchanges (lower
part of the hierarchy). Ring networks are applied in e.g. fibre optical systems.

A connection between two subscribers in different transit areas will normally pass the follow-
ing exchanges

SS — LEX — TEX — TEX — LEX — SS.

The individual transit trunk groups are based on either analogue or digital transmission
systems, and multiplexing equipment is often used.
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Twelve analogue channels of 3 kHz each makes up one first order bearer frequency system
(frequency multiplex) , while 32 digital channels of 64 Kbit/s each makes up a first order
PCM-system of 2.048 Mbit/s. (impulse-code-multiplex), (time multiplex) .

The 64 kbit/s is obtained from a sampling of the analogue signal at a rate of 8 kHz and an
amplitude accuracy of 8 bit. Two of the 32 channels are used for signalling and control.

T T T T
o s O &%
Figure 1.6: In a telecommunication network all exchanges are typically arranged in a three-
level hierarchy. Local-exchanges or subscriber-exchanges (L), to which the subscribers are
connected, are connected to main exchanges (T), which again are connected to inter-urban
exchanges (I). An inter-urban area thus makes up a star network. The inter-urban exchanges
are interconnected in a mesh network. In practice the two network structures are mixed, be-

cause direct trunk groups are established between any two exchanges, when there is sufficient
traffic. In the future Danish network there will only be two levels, as T" and I will be merged.

Due to reliability and security there will almost always exists at least two disjoint paths
between any two exchanges and the strategy will be to use the cheapest connections first.
The hierarchy in the Danish digital network is reduced to two levels only. The upper level
with transit exchanges consists of a fully connected meshed network while the local exchanges
and subscriber switches are connected to three different transit exchanges due to security and
reliability.

The telephone network is characterised by the fact that before any two subscribers can com-
municate a full two-way (duplex) connection must be created, and the connection exist during
the whole duration of the communication. This property is referred to as the telephone net-
work being connection oriented in contrast to e.g. the Internet which is connection-less. Any
network applying e.g. “line—switching” or “circuit—switching” is connection oriented. In the
discipline of network planning, the objective is to optimise network structures and traffic
routing under the consideration of traffic demands, service and reliability requirement etc.

Example 1.3.1: The VSAT-network (Maral, 1995 [1])
VSAT-network is e.g. used by multi-national organisations for transmission of speech and data
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between different division of news-broadcasting, in catastrophic situation etc. It can be both point-to
point connections and point to multi-point connections (distribution and broadcast). The acronym
VSAT stands for Very Small Aperture Terminal (Earth station) which is an antenna with a diameter
of 1.6-1.8 meter. The terminal is cheap and mobile. It is thus possible to bypass the public telephone
network. Due to restrictive regulative conditions, this technology has at the moment a very limited
dissemination throughout Europe. The signals are transmitted from a VSAT terminal via a satellite
towards another VSAT terminal. The satellite is in a fixed position 35 786 km above equator and the
signals therefore experiences a propagation delay of around 25 ms per hop. The available bandwidth
is typically partitioned into channels of 64 kbps, and the connections can be one-way or two-ways.

In the simplest version, all terminals transmit directly to all others, and a mesk network is the
result. The available bandwidth can either be assigned in advance (fixed assignment) or dynamically
assigned (demand assignment). Dynamical assignment gives better utilisation but requires more
control.

Due to the small parabola and the attenuation of typically 200 dB in each direction, it is practi-
cally impossible to avoid transmission error, and error correcting codes and possible retransmission
schemes are used. A more reliable system is obtained by introducing a main terminal (a hub) with
an antenna of 4 to 11 meters in diameter. A communication takes place through the hub. Then
both hops (VSAT — hub and hub — VSAT) become more reliable since the hub is able to receive
the weak signals and amplify them such that the receiving VSAT gets a stronger signal. The price to
be paid is that the propagation delay now is 500 ms. The hub solution also enables centralised con-
trol and monitoring of the system. Since all communication is going through the hub, the network
structure constitutes a star topology. d

1.3.2 Data networks

Data network are sometimes engineered according to the same principle except that the
duration of the connection establishment phase is much shorter. Another kind of data network
is given in the so-called packet distribution networks, which works according to the “store-
and-forward” principle (see Fig. 1.7). The data to be transmitted are not sent directly from
transmitter to receiver in one step but in steps from exchange to exchange. This may create
delays since the exchanges which are computers works as delay systems. (connection-less
transmission).

If the packet has a maximum fixed length, it is denoted “packet—switching” (e.g. X.25 pro-
tocol). A message is segmented into a number of packets which do not necessarily follow
the same path through the network. The protocol header of the packet contains a sequence
number such that the packets can be arranged in correct order at the receiver. Furthermore
error correction codes are used and the correctness of each packet is checked at the receiver.
If the packet is correct an acknowledgement is sent back to the preceding node which now can
delete its copy of the packet. If the preceding node does not receive any acknowledgement
within some given time interval a new copy of the packet (or a whole frame of packets) are
retransmitted. Finally, there is a control of the whole message from transmitter to receiver.
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Figure 1.7: Datagram network: Store- and forward principle for a packet switching data
network.

In this way a very reliable transmission is obtained.
If the whole message is send in a single packet, it is denoted “message—switching”.

Since the exchanges in a data network are computers, it is feasible to introduce advanced
strategies for traffic routing.

1.3.3 Local Area Networks LAN

Local area networks are a very specific but also very important type of data network where all
users through a computer are attached to the same digital transmission system e.g. a coaxial
cable. Normally, only one user at a time can use the transmission medium and get some data
transmitted to another user. Since the transmission system has a large capacity compared
to the demand of the individual users, a user experience the system as if it was his alone.
There exist several different kinds of local area networks. Applying adequate strategies for
the medium access principle the assignment of capacity in case of many users competing for
transmission is taken care of. There exist two main types of Local Area Networks: CSMA /CD
(Ethernet) and Token networks. The CSMA/CD (Carrier Sense Multiple Access/Collision
Detection) is the one most widely used. All terminals are all the time listening to the
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transmission medium and know when it is idle and when it is occupied. At the same time
a terminal can see which packets are addressed to the terminal itself and therefore needs
to be stored. A terminal wanting to transmit a packet transmit it if the medium is idle.
If the medium is occupied the terminal wait a random amount of time before trying again.
Due to the finite propagation speed it is possible that two (or even more) terminals starts
transmission within such a short time interval so that two or more messages collide on the
medium. This is denoted as a collision. Since all terminals are listening all the time, they
can immediately detect that the transmitted information is different from what they receive
and conclude that a collision has taken place. (Collision Detection, CD).

The terminals involved immediately stops transmission and try again a random amount of
time later (back-off).

In local area network of the token type, it is only the terminal presently possessing the token
which can transmit information. The token is rotating between the terminals according to
predefined rules.

Local area networks based on the ATM technique are put in operation. Furthermore, wireless
systems will also become common.

The propagation is neglectable in local area networks due to small geographical distance
between the users. In e.g. a satellite data network the propagation delay is large compared
to the length of the messages and in these applications other strategies than those used in
local area networks are used.

1.3.4 Internet and IP networks

To appear

1.4 Mobile Communication Systems

A tremendous expansion is seen these years in mobile communication systems where the
transmission medium is either analogue or digital radio channels (wireless) in contrast to the
convention cable systems. The electro magnetic frequency spectrum is divided into different
bands reserved for specific purposes. For mobile communications a subset of these bands are
reserved. Each band corresponds to a limited number of radio telephone channels, and it is
here the limited resource is located in mobile communication systems. The optimal utilisation
of this resource is a main issue in the cellular technology. In the following subsection a
representative system is described.
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1.4.1 Cellular systems

Structure. When a certain geographical area is to be supplied with mobile telephony, a
suitable number of base stations must be put into operation in the area. A base station
is an antenna with transmission/receiving equipment or a radio link to a mobile telephone
exchange (MTX) which are part of the traditional telephone network. A mobile telephone
exchange is common to all the base stations in a given traffic area e.g. Sjeelland. Radio
waves are damped when they propagate in the atmosphere and a base station is therefore
only able to cover a limited geographical area which is called a cell (not to be confused with
ATM-—cells!). By transmitting the radio waves at adequate power it is possible to adapt the
cover area such that all base stations covers exactly the planned traffic area without too much
overlapping between neighbour stations. It is not possible to use the same radio frequency
in two neighbour base stations but in two base stations without a common border the same
frequency can be used thereby allowing the channels to be reused.

%,
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Figure 1.8: Cellular mobile communication system. By dividing the frequencies into 3 groups
(A, B and C) they can be reused as shown.

In Fig. 1.8 an example is shown. A certain number of channels per cell corresponding to a
given traffic volume is thereby made available. The size of the cell will depend on the traffic
volume. In densely populated areas as major cities the cells will be small while in sparsely
populated areas the cells will be large.

Channel allocation is a very difficult problem. In addition to the restrictions given above, a
number of other also exist. E.g. there has to be a certain distance between the channels on the
same base station (neighbour channel restriction) and to avoid interference other restrictions
exists.

Strategy. In mobile telephone systems a database with information about all the subscriber
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has to exist. Any subscriber is either active or passive corresponding to whether the radio
telephone is switched on or off. When the subscriber turns on the phone, it is automatically
assigned to a so-called control channel and an identification of the subscriber takes place.
The control channel is a radio channel used by the base station for control. The rest of the
channels are user channels

A call request towards a mobile subscriber (B-subscriber) takes place the following way. The
mobile telephone exchange receives the call from the other subscriber (A-subscriber, fixed or
mobile). If the B-subscriber is passive the A-subscriber is informed that the B-subscriber is
not available. Is the B-subscriber active, then the number is put out on all control channels in
the traffic area. The B-subscriber recognises his own number and informs through the control
channel in which cell (base station) he is in. If an idle user channel exists it is allocated and
the MTX puts up the call.

A call request from a mobile subscriber (A-subscriber) is initiated by the subscriber shifting
from the control channel to a user channel where the call is established. The first phase
with reading in the digits and testing the availability of the B-subscriber is in some cases
performed by the control channel (common channel signalling)

A subscriber is able to move freely within his own traffic area. When moving away from the
base station this is detected by the MTX which constantly monitor the signal to noise ratio
and the MTX moves the call to another base station and to another user channel with better
quality when this is required. This takes place automatically be a cooperation between the
MTX and the subscriber equipment normally without being noticed by the subscriber. This
operation is called hand over, and of course requires the existence of an idle user channel in
the new cell. Since it is very disadvantageous to break an existing call, hand-over calls are
given higher priorities than new calls. This can happen e.g. by leaving one or two channel
idle for hand-over calls.

When a subscriber is leaving its traffic area, so-called roaming. will take place. The MTX in
the new area is able to from the identity of the subscriber to see original (home) MTX of the
subscriber. A message to the home MTX is forwarded with information on the new position.
Incoming calls to the subscriber will always go to the home MTX which will then route the
call to the new MTX. Outgoing calls will be taken care of the usual way.

An example of a mobile telephone system is the Nordic Mobile Telephone System NMT where
the subscribers move freely around the Nordic countries. A newer digital system is GSM,
which can be used throughout Western Europe. The international telecommunication society
is working towards a global mobile system UPC (Universal Personal Communication), where
subscribers can be reached worldwide.

Paging systems are primitive one-way systems. DECT), Digital European Cordless Telephone,
is a standard for wireless telephones. They can be applied locally in companies, business
centres etc. In the future equipment which can be applied both for DECT and GSM will
come up. Here DECT correspond to a system with very small cells while GSM is a system
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with larger cells.

Satellite communication systems are also being planned in which the base station correspond
to a base station. The first such system Iridium, consisted of 66 satellites such that more
than one satellite always were available at any given location within the geographical range
of the system. The satellites have orbits only a few hundred kilometres above the Earth.
Iridium was unsuccessful, but newer systems as an Inmarsat system is coming.

1.4.2 Third generation cellular systems

to appeart

1.5 The International Organisation of Telephony

ITU, the International Telecommunications Union, is a professional organisation under the
United Nations. After a reorganisation in 1992, it consists of three parts:

ITU-T or Telecommunications Standardisation Bureau, which works out standards for the
telecommunications area I'TU-T contains the earlier CCITT and parts of CCIR/

ITU-R is responsible for the radio area and coordinates the assignment of frequencies both
for radio, TV, telecommunications, satellites etc. Furthermore, this sector deals with
the radio technical aspects of mobile communications.

ITU-D or the Development sector is taken care of economical, social and cultural aspects of
telecommunications. This sector is tailored toward the developing countries and offers
technical support of these.

On a global basis [SO, the International Standardisation Organisation, work out standards
in cooperation with ITU-T. On a regional basis there are three dominating standardisation
bodies, in America (ANSI), Japan and Europe (ETSI). On a regional basis it is often easier
to work out agreements concerning standards. These are of paramount importance from an
industrial and political point of view (e.g. GSM and DECT). In technical organisations like
IEEE and IFIP standardisation activities also take place. This section is later supplied with
statistical information.

1.6 ITU-T recommendations



Chapter 2

Traffic concepts and variations

The costs of a telephone system can be divide into costs which are dependent upon the
number of subscribers and costs that are dependent upon the amount of traffic in the system.

The goal when planning a telecommunication system is to adjust the amount of equipment
so that variations in the subscriber demand for calls can be satisfied without noticeable
inconvenience while the costs of the installations are as small as possible. The equipment
must be used as efficiently as possible.

Teletraffic engineering deals with optimisation of the structure of the network and adjustment
of the amount of equipment that depends upon the amount of traffic.

In the following some fundamental concepts are introduced and some examples are given to

show how the traffic behaves in real systems. All examples are from the telecommunication
area.

2.1 The concept of traffic and the unit “erlang”

In teletraffic theory we usually use the word “traffic” to denote the traffic intensity, i.e. traffic
per time unit. The term traffic comes from Italian and means business. According to (ITU-T,
1993 [3]) we have the following definition:

Theorem 2.1 Definition of Traffic Intensity: The instantaneous traffic intensity in a
pool of resources is the number of busy resources at a given instant of time.

The pool of resources may be a group of servers, e.g. trunk lines. The statistical moments
of the traffic intensity may be calculated for a given period of time T. For the mean traffic
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intensity we get:
1 T
Y(T) = = - / n(t)dt. (2.1)
T Jo

where n(t) denotes the number of occupied devices at the time ¢.

Carried traffic A. = Y = A’: This is called the traffic carried by the group of servers
during the time interval T (Fig. 2.1). In applications, the term traffic intensity usually has
the meaning of average traffic intensity.

n(t) number of busy trunks

~
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Figure 2.1: The carried traffic (intensity) (= number of busy devices) as a function of time
(curve C). For dimensioning purposes we use the average traffic intensity during a period of
time T (curve D).

The ITU-T recommendation also says that the unit usually used for traffic intensity is the
erlang (symbol E). This name was given to the traffic unit in 1946 by CCIF (predecessor to
CCITT and to ITU-T), in honour of the Danish mathematician A. K. Erlang (1878-1929),
who was the founder of traffic theory in telephony. The unit is dimensionless. The total
carried traffic in a time period 7T is a traffic volume, and it is measured in erlang-hours (Eh)
(According to the ISO standards the standardised unit should be erlang-seconds, but usually
Erlang-hours has a more natural order of size).

The carried traffic can never exceed the number of lines. A line can carry one erlang at most.
The income is often proportional to the carried traffic.

Offered traffic A: In theoretical models the concept “offered traffic” is used; this is the
traffic which would be carried if no calls were rejected due to lack of capacity, i.e. if the
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number of servers were unlimited. The offered traffic is a theoretical value and it cannot be
measured. It is only possible to estimate the offered traffic from the carried traffic.

Theoretically we work with the call intensity A, which is the mean number of calls offered
per time unit, and mean service time s. The offered traffic is equal to:

A=M\-s. (2.2)

From this equation it is seen that the unit of traffic has no dimension. This definition assumes
according to the above definition that there is an unlimited number of servers. If we use the
definition for a system with limited capacity we get a definition which depends upon the
capacity of the system. The latter definition has been used for many years (e.g. for the
Engset case, Chap. 8, Sect. ??7), but it is not appropriate, because the offered traffic should
be independent of the system.

Lost or Rejected traffic A,: The difference between offered traffic and carried traffic is
equal to the rejected traffic. The value of this parameter can be reduced by increasing the
capacity of the system.

Example 2.1.1: Definition of traffic

If the call intensity is 5 calls per minute, and the mean service time is 3 minutes then the offered
traffic is equal to 15 erlang. The offered traffic-volume during a working day of 8 hours is then 120
erlang-hours. O

Example 2.1.2: Traffic units
Earlier other units of traffic have been used. The most common which may still be seen are:

SM = Speech-minutes
1 SM = 1/60 Eh.
CCS = Hundred call seconds:
1 CCS = 1/36 Eh.
This unit is based on a mean holding time of 100 seconds
and can still be found, e.g. in USA.
EBHC = Equated busy hour calls:
1 EBHC = 1/30 Eh.
This unit is based on a mean holding time of 120 seconds.

We will soon realize, that erlang is the natural unit for traffic intensity because this unit is inde-
pendent of the time unit chosen. O

The offered traffic is a theoretical parameter used in the theoretical dimensioning formulee.
However, the only measurable parameter in reality is the carried traffic, which often depends
upon the actual system.
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In data transmissions systems we do not talk about service times but about transmission
needs. A job can e.g. be a transfer of s units (e.g. bits or bytes). The capacity of the
system ¢, the data signalling speed, is measured in units per second (e.g. bits/second). Then
the service time for such a job, i.e. transmission time, is s/ time units (e.g. seconds), i.e.
depending on . If on the average A jobs arrive per time unit then the utilisation p of the
system is:

A-s

2
The observed utilisation will always be inside the interval 0 < o < 1.

0= (2.3)

Multi-rate traffic: If we have calls occupying more than one channel, and calls of type ¢
occupy d; channels, then the offered traffic expressed in number of busy channels becomes:

N
1=0

where N is number of traffic types, and A\; and s; denotes the arrival rate and mean holding
time of type .

Potential traffic: In planning and demand models we use the term potential traffic, which
would equal the offered traffic if there were no limitations in the use of the phone because of
economics or availability (always a free phone available).

2.2 Traffic variations and the concept busy hour

The teletraffic varies according to the activity in the society. The traffic is generated by single
sources, subscribers, who normally make telephone calls independent of each other.

A investigation of the traffic variations shows that it is partly of a stochastic nature partly
of a deterministic nature. Fig. 2.2 shows the variation in the number of calls on a Monday
morning. By comparing several days we can recognise a deterministic curve with overlying
stochastic variations.

During a 24 hours period the traffic typically looks as shown in Fig. 2.3. The first peak is
caused by business subscribers at the beginning of the working hours in the morning, possibly
calls postponed from the day before. Around 12 o’clock it is lunch, and in the afternoon there
is a certain activity again.

Around 19 o’clock there is a new peak caused by private calls and a possible reduction in
rates after 19.30. The mutual size of the peaks depends among other thing upon whether
the exchange is located in a typical residential area or in a business area. They also depend
upon which type of traffic we look at. If we consider the traffic between Europa and e.g. USA
most calls takes place in the late afternoon because of the time difference.
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Figure 2.2: Number of calls per minute to a switching centre a Monday morning. The regular
24-hour variations are superposed by stochastic variations. (Iversen, 1973 [4]).
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Figure 2.3: The mean number of calls per minute to a switching centre taken as an average
for periods of 15 minutes during 10 working days (Monday — Friday). At the time of the
measurements there were no reduced rates outside working hours (Iversen, 1973 [4]).
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The variations can further be split up into variation in call intensity and variation in service
time. Fig. 2.4 shows variations in the mean service time for occupation times of trunk lines
during 24 hours. During business hours it is constant, just below 3 minutes. In the evening
it is more than 4 minutes and during the night very small, about one minute.

Busy Hour: The highest traffic does not occur at same time every day. We define the concept
“time consistent busy hour” (TCBH) as those 60 minutes (determined with an accuracy of
15 minutes) which during a long period on the average has the highest traffic.

It may therefore some days happen that the traffic during the busiest hour is larger than the
time consistent busy hour, but on the average over several days, the busy hour traffic will be
the largest.

We also distinguish between busy hour for the total telecommunication system, an exchange,
and for a single group of servers, e.g. a trunk group. Certain trunk groups may have a busy
hour outside the busy hour for the exchange (e.g. trunk groups for calls to the USA).

In practice, for measurements of traffic, dimensioning, and other aspects it is an advantage
to have a predetermined well-defined busy hour.

The deterministic variations in teletraffic can be divided into:

A. 24 hours variation (Fig. 2.3 and 2.4).

B. Weekly variations (Fig. 2.5). Normally the highest traffic is on Monday, then Friday,
Tuesday, Wednesday and Thursday. Saturday and especially Sunday has a very low
traffic level. A good rule of thumb is that the 24 hour traffic is equal to 8 times the
busy hour traffic (Fig. 2.5), i.e. only one third of capacity in the telephone system is
utilised. This is the reason for the reduced rates outside the busy hours.

C. Variation during a year. There is a high traffic in the beginning of a month, after a
festival season, and after quarterly period begins. If Easter is around the 1st of April
then we observe a very high traffic just after the holidays.

D. The traffic increases year by year due to the development of technology and economics
in the society.

Above we have considered traditional voice traffic. Other services and traffic types have other
patterns of variation. In Fig. 2.6 we show the variation in the number of calls per 15 minutes
to a modem pool for dial-up Internet calls. The mean holding time as a function of the time
of day is shown in Fig. 2.7.

Cellular mobile telephony has a different profile with maximum late in the afternoon, and the
mean holding time is shorter than for wire-line calls. By integrating various forms of traffic
in the same network we may therefore obtain a higher utilisation of the resources.
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Figure 2.4: Mean holding time for trunk lines as a function of time of day. (Iversen, 1973 [4]).
The measurements exclude local calls.
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Figure 2.5: Number of calls per 24 hours to a switching centre (left scale). The number
of calls during busy hour is shown for comparison at the right scale. We notice that the
24-hour traffic is approximately 8 times the busy hour traffic. This factor is called the traffic
concentration (Iversen, 1973 [4]).
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Figure 2.6: Number of calls per 15 minutes to a modem pool of Tele Danmark Internet.
Tuesday 1999.01.19.

2.3 The blocking concept

The telephone system is not dimensioned so that all subscribers can connect at the same time.
Several subscribers are sharing the expensive equipment of the exchanges. The concentration
takes place from the subscriber toward the exchange. The equipment which is separate for
each subscriber should be made as cheap as possible.

In general we expect that about 5-8 % of the subscribers should be able to make calls at the
same time in busy hour (each phone is used 10-16 % of the time). For international calls
less than 1 % of the subscribers are making calls simultaneously. Thus we exploit statistical
multiplexing advantages. Every subscriber should feel that he has unrestricted access to all
resources of the telecommunication system even if he is sharing it with many others.

The amount of equipment is limited for economical reasons and it is therefore possible that
a subscriber cannot establish a call, but has to wait or be blocked (e.g. the subscriber gets
busy tome and has to make a new call attempt). Both are inconvenient to the subscriber.

Depending on how the system operates we distinguish between loss—systems (e.g. trunk
groups) and waiting time systems (e.g. common control units and computer systems) or
a mixture of these if the number of waiting positions (buffer) is limited.
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Figure 2.7: Mean holding time in seconds as a function of time of day for calls arriving inside
the period considered. Tele Danmark Internet. Tuesday 1999.01.19.

The inconvenience in loss—systems due to insufficient equipment can be expressed in three
ways (network performance measures):

Call congestion (B) : The fraction of all call attempts which observes all servers busy
(the nuisance the subscriber feels).

Time congestion (E) : The fraction of time when all servers are busy. Time congestion
can e.g. be measured at the exchange (= virtual congestion).

Traffic congestion (C) : The fraction of the offered traffic that is not carried, possibly
despite several attempts.

These quantitative measures can e.g. be used to establish dimensioning standards for trunk
groups.

At small congestion values it is possible with a good approximation to handle congestion in
the different part of the system as mutual independent. The congestion for a certain route is
then approximately equal to the sum of the congestion in each link of the route.

During the busy hour we normally allow a congestion of a few percentage between two
subscribers.
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Outcome [-country | U-country
A-error: 15 % 20 %
Blocking and technical errors: 5% 35 %
B no answer before A hangs up: 10 % 5%
B-busy: 10 % 20 %
B-answer = conversation: 60 % 20 %
No conversation: 40 % 80 %

Table 2.1: Typical outcome of a large number of call attempts during Busy Hour for Indus-
trialised countries, respectively Developing countries.

The systems cannot manage every situation without inconvenience for the subscribers. The
purpose of teletraffic theory is to find relations between quality of service and cost of equip-
ment.

The existing equipment should be able to work at full capacity during abnormal traffic situ-
ations (e.g. a burst of phone calls), i.e. the equipment should keep working and make useful
connections.

The inconvenience in delay—systems (queueing systems) is measured as a waiting time. Not
only the mean waiting time is of interest but also the distribution of the waiting time. It
could be that a small delay do not mean any inconvenience, so there may not be a linear
relation between inconvenience and waiting time.

In telephone systems we often define an upper limit for the acceptable waiting time. If this
limit exceeded then a time-out of the connection will take place (enforced disconnection).

2.4 Traffic generation and subscribers reaction

If a Subscriber A want to speak to another Subscriber B this will either result in a successful
call or a failed call-attempt. In the latter case A may repeat the call attempt later and thus
initiate a series of several call-attempts which fail. Call statistics typically looks as shown in
Table 2.1, where we have grouped the errors to a few typical classes. We notice that the only
error which can be directly influenced by the operator is “technical errors and blocking”, and
this class usually is small, a few percentages during the Busy Hour. Furthermore, we notice
that the number of calls which experience “B-busy” depends on the number of “A-errors”
and “technical errors & blocking”. Therefore, the statistics in Table 2.1 is misleading. To
obtain the relevant probabilities, which are shown in Fig. 2.8, we shall only consider the calls
arriving at the considered stage when calculating probabilities. Applying the notation in
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Figure 2.8: When calculating the probabilities of events for a certain number of call attempts
we have to consider the conditional probabilities.

| — country U — country
Pe = 18 = 15% |p. = = = 20%
ps = = = 6% |ps = 2 = 44%
Pn = 1 = 13% |p. = = = 11%
Py = @ = 13%|p = 2 = 44%
Pa = =2 = 5% |p. = 2 = 44%

Table 2.2: The relevant probabilities for the individual outcomes of the call attempts calcu-
lated for Table 2.1

Fig. 2.8 we find the following probabilities for a call attempts (assuming independence):

P{A-error} = p. (2.5)
P{Congestion & tech. errors} = (1 — p.) - ps (2.6)
P{Bno answer} = (1—p.)-(1—ps)-pn (2.7)

P{B-busy} = (1—pc)-(1=ps)-p (2.8)

P{B-answer} = (1—pc) (1=ps)- pa (2.9)

Using the numbers from Table 2.1 we find the figures shown in Table 2.2. From this we notice
that even if the A-subscriber behaves correct and the telephone system is perfect, then only
75 %, respectively 45 % of the call attempts result in a conversation. We distinguish between
the service time which includes the time from the instant a server is occupied until the server
becomes idle again (e.g. both call set-up, duration of the conversation, and termination of
the call), and conversation duration, which is the time period where A talks with B. Because
of failed call-attempts the mean service time is often less than the mean call duration if we
include all call-attempts. Fig. 2.9 shows an example with observed holding times. See also
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Fig. 77.

Example 2.4.1: Mean holding times

We assume that the mean holding time of calls which are interrupted before B-answer (A-error,
congestion, technical errors) is 20 seconds and that the mean holding time for calls arriving at the
called party (B-subscriber) (no answer, B-busy, B-answer) is 180 seconds. The mean holding time
at the A-subscriber then becomes by using the figures in Table 2.1:

20 80

| — country: My = 100 20 + 100 180 = 148 seconds
55 45

U — country: mg = — - 20+ — - 180 = 92 seconds
100 100

We thus notice that the mean holding time increases from 148s, respectively 92s, at the A-subscriber
to 180s at the B-subscriber. If one call intent implies more repeated call attempts (cf. Example 2.4),
then the carried traffic may become larger than the offered traffic. O

If we know the mean service time of the individual phases of a call attempt, the we can
calculate the proportion of the call attempts which are lost during the individual phases.
This can be exploited to analyse electro-mechanical systems by using SPC-systems to collect
data (Iversen, 1988 [5]).

Each call-attempt loads the controlling groups in the exchange (e.g. a computer or a control
unit) with an almost constant load whereas the load of the network is proportional to the
duration of the call. Because of this many failed call-attempts are able to overload the control
devices while free capacity is still available in the network. Repeated call-attempts are not
necessarily caused by errors in the telephone-system. They can also be caused by e.g. a
busy B-subscriber. This problem were treated for the first time by Fr. Johannsen in “Busy”
= “Optaget” published in 1908 (Johannsen, 1908 [6]) . Fig. 2.10 and Fig. 2.11 show some
examples from (Kold og Nielsen, 1975 [8]) of subscriber behaviour.

Studies of the subscribers response to e.g. busy tone is of vital importance for the dimensioning
of telephone systems. In fact, human—factors (= subscriber—-behaviour) is a part of the
teletraffic theory which is of great interest.

During Busy Hour @ = 10 — 16% of the subscribers are busy using the line for incoming
or outgoing calls. Therefore, we would expect that a% of the call attempts experience B-
busy. This is, however, wrong, because the subscribers have different traffic levels. Some
subscribers receive no incoming call attempts, whereas others receive more than the average.
In fact, it is so that the most busy subscribers on the average receive most call attempts.
A-subscribers have an inclination to choose the most busy B-subscribers, and in practice we
observe that the probability of B-busy is about 4 - «, if we take no measures. For residential
subscribers it is difficult to improve the situation. But for large business subscribers having
a PABX with a group-number a sufficient number of lines will eliminate B-busy. Therefore,
in industrialised countries the total probability of B-busy becomes of the same order of size
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as a (Table 2.1). For U-countries the traffic is more focused towards individual numbers and
often the business subscribers don’t benefit from group numbering, and therefore we observe

a high probability of B-busy (40-50 %).

At the Ordrup measurements approximately 4% of the call where repeated call-attempts. If
a subscriber experience blocking or B-busy there is 70% probability that the call is repeated
within an hour. See Table 2.4.

Number of observations
Attempt no. | Success | Continue | Give up | P{success} | Persistence
75.389
1 56.935 7.512 | 10.942 0.76 0.41
2 3.252 2.378 1.882 0.43 0.56
3 925 951 502 0.39 0.66
4 293 476 182 0.31 0.72
5 139 248 89 0.29 0.74
> 5 134 114
Total 61.678 13.711

Table 2.3: An observed sequence of repeated call-attempts (national calls, “Ordrup—
measurements”). The probability of success decreases with the number of call-attempts,
while the persistence increases. Here a repeated call-attempt is a call repeated to the same
B-subscriber within one hour.

A classical example of the importance of the subscribers reaction was seen when Valby gas-
works (in Copenhagen) exploded in the mid sixties. The subscribers in Copenhagen generated
a lot of call-attempts and occupied the controlling devices in the exchanges in the area of
Copenhagen. Then subscribers from Esbjerg (western part of Denmark) phoning to Copen-
hagen had to wait because the numbers could not be transferred to Copenhagen immediately.
Therefore the equipment in Esbjerg was kept busy by waiting, and subscribers making local
calls in Esbjerg could not complete the call attempts.

This is an example of how a overload situation spreads like a chain reaction throughout the
network. The more tight a network has been dimensioned, the more likely it is that a chain
reaction will occur. An exchange should always be constructed so that it keeps working with
full capacity during overload situations.

In a modern exchange we have the possibility of giving priority to a group of subscribers in
a emergency situation, e.g. doctors and police (preferential traffic).

In computer systems similar conditions will influence the performance. For example, if it
is difficult to get a free entry to a terminal-system, the user will be disposed not to log
off, but keep the terminal, i.e. increase the service time. If a system works as a waiting—time
system, then the mean waiting time will increase with the third order of the mean service time
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Figure 2.9: Frequency function for holding times of trunks in a local switching centre.
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(Chap. 13). Under these condition the system will be saturated very fast, i.e. be overloaded.
In countries with a overloaded telecommunication networks (e.g. developing countries) a big
percentage of the call-attempts will be repeated call-attempts.

5
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Figure 2.10: Histogram for the time interval from occupation of register (dial tone) to B—
answer for completed calls. The mean value is 13.60 s (Ordrup measurements) (Kierkegaard,
1976 [7]), (Kold & Nielsen, 1975 [8]), (Kristensen, 1978 [9]).

Example 2.4.2: Repeated call attempt
This is an example of a simple model of repeated call attempts. Let us introduce the following
notation:

b = persistence (2.10)
B = P{non-completion} (2.11)

The persistence b is the probability that an unsuccessful call attempt is repeated, and P{completion}
= (1 — B) is the probability that the B-subscriber (called party) answers. For one call intent we get
the following history:

We get the following probabilities for one call intent:

P{completion} = (l(l—_iBB)b) (2.12)
P{non-completion} = LA Gl (2.13)
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Attempt No. P{B-answer} P{Continue} P{Give up}
0 1
1 (1- B) B-b B-(1-b)
2 (1-B)-(B-b) (B - b)? B-(1-b)-(B-b)
3 (1—B)-(B-b)? (B -b)? B-(1-b)-(B-b)?
4 (1-B)-(B-b)? (B -b)* B-(1-b)-(B-b)3
1-B I B-(1-
| gpw | aorw | aosw

Table 2.4: A single call intent results in a series of call attempts. The distribution of the
number of atttempts is geometrically distributed.

1
No. of call attempts per call intent = =B b (2.14)

Let us assume the following mean holding times:

s = mean holding time of completed calls

snp, = 0 = mean holding time of non-completed calls

Then we get the following relations between the traffic carried Y and the traffic offered A,:

1-B
Y == AO * m (2.15)
1-B-b
Ay =Y  ——— 2.1
e (2.16)
This is similar to the result given in ITU-T Rec. E.502 (Red Book). O

In practice, the persistence b and the probability of completion 1 — B will depend on the
number of times the call has been repeated (cf. Table 2.3). If the unsuccessful calls have
a positive mean holding time, then the carried traffic may become larger than the offered
traffic.

Updated: 2001.01.10
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Figure 2.11: Histogram for all call attempts repeated within 5 minutes, when the called
party is busy (Ordrup measurements) (Kierkegaard, 1976 [7]), (Kold & Nielsen, 1975 [8]),
(Kristensen, 1978 [9]).



Chapter 3

Probability Theory and Statistics

All time intervals we consider in this book are non-negative, and therefore they can be
expressed by non-negative stochastic variables. Time intervals of interests are, for example,
service times, duration of congestion (blocking periods, busy periods), waiting times, holding
times, CPU-busy times, inter-arrival times etc. We denote these time durations as lifetimes
and their distribution functions as time distributions. In this chapter we review the basic
theory of probability and statistics which is relevant to the teletraffic theory.

3.1 Distribution functions

A time interval can be described by a stochastic variable X, that is characterised by a
distribution function F(t):

t
F(t) = / dF(u)  for 0<t< oo, (3.1)
0—
F(it) = 0 for ¢<0.
We integrate in (3.1) from 0— to keep record of a possible discontinuity at ¢ = 0. When
we consider waiting time systems, there is often a positive probability to have waiting times

equal to zero, i.e. F'(0) # 0. On the other hand, when we look at the inter-arrival times, we
usually assume F'(0) = 0 (Sec. 5.2.3).

The probability that the duration of a time interval is less than or equal to ¢ becomes:
p(X < 1) = F(1).

35
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Sometimes it is easier to consider the complementary distribution function
Fe(t)=1—-F(t).

This is also called the survival distribution function.

We often assume that F'(t) is differentiable and that following density function f(t) exists:

dF(t) = f(t) - dt = p{t < X <t+dt}, t>0. (3.2)
Normally, we assume that the service time is independent of the arrival process and that a
service time is independent of other service times.

Analytically, many calculations can be carried out for any time distribution. In general, we
always assume that the mean value exists.

3.1.1 Characterisation of distributions

Time distributions which only assume positive arguments possess some advantageous prop-
erties. For the i’th non-central moment, which we usually denote the 7’th moment, we have
Palm’s identity:

E{X} =m; = /Oootf-f(t)dt (3.3)

- / PN - PO, i=1,2,...
0
This may be shown by partial integration.

Especially, we have the first two moments under the assumption thet they exist:

my = /Ooot.f(t)dt:/omg—p(t)}dt, (3.4)

my = /Oooﬂ-f(t)dt:/ooozt.g—p(t)}dt. (3.5)

The mean value (expectation) is the first moment:
m=m; = B{X}. (3.6)
The ¢’th central moment is defined as:

E{(X —m)}} = /Ooo(t —m)if(t)dt. (3.7)
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The variance is identical to the 2nd central moment:

0? =my —m* = E{(X —m)?}. (3.8)

A distribution is normally uniquely defined by all its moments. A normalised measure for
the irregularity (dispersion) of a distribution is the coefficient of variation. It is defined as
the ratio between the standard deviation and the mean value:

OV = coefficient of variation = — . (3.9)
m

This quantity is dimensionless, and we shall later apply it to characterise discrete distributions
(state probabilities). Another measure of irregularity is Palm’s form factor €, which is defined
as follows: )
s:@;:H(i) > 1. (3.10)
m m
The Form factor ¢ as well as o/m are independent of the choice of time scale, and it will
appear in many formula in the following.

The larger a form factor, the more irregular is the time distribution, and the larger will for
example the mean waiting time in a waiting time system be. The form factor takes the
minimum value equal to one for constant time intervals (o = 0).

To estimate a distribution from observations, we are often satisfied by knowing the first two
moments (m and o or €) as the higher order moments requires extremely many observations
to obtain reliable estimates. Time distributions can also be characterised in other ways. We
consider some important ones below.

3.1.2 Residual lifetime

We wish to find the distribution of the residual life time, given that a certain age x > 0 has
already been obtained.

The conditional distribution is F'(t+x|z) is defined as follows (assuming p{X > 2} in non-zero
and (t > 0):

X >t+z2) AN (X >2)}

X >t X =
p{X >t+z|X >z} DX > 1)

p{X >t+a}
p{X >z}

1-F(t+x)
1— F(x)
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and thus
Flt+alz) = p{(X <t+o)|(X > )}

F(t+z) — F(z)

= 3.11
=) (3.11)
f(t+x)
t —. 3.12
flealn) = S (312
Fig. 3.1 illustrates these calculations graphically.
The mean value m;, of the residual lifetime can be written as (3.4):
1 oo

(7)) = ———- 1—-F(t dt, >0. 3.13
@) = gy 0 F ) z (3.13)

The Death rate at time x, i.e. the probability, that the considered lifetime terminates within
an interval (z,z + dz), under the condition that age = has been achieved, is obtained from
(3.11) by letting t = dux:

F(z +dx) — F(x)
1—F(x)

p(x) - de =

__dF(x)
et (3.14)

The conditional density function p(z) is also called the hazard function. If this function is
given, then F'(x) may be obtained as the solution to the following differential equation:
dF (x)
dx

+p(x) - F(r) = pl(z), (3.15)

which has the following solution (assuming F'(0) = 0):
F(t):l—exp{—/ot,u(u)-du} , (3.16)
$0) = u0)-exp {= [ ta) -du} (3.17)

The death rate p(t) is constant if and only if the lifetime is exponentially distributed. This
is a fundamental characteristic of the exponential distribution which is called the Markovian
property (lack of memory (age)): The probability of terminating is independent of the actual
age (history).
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Figure 3.1: The density function of the residual life time conditioned by a given age x (3.11).
The example is based on a Weibull distribution We(2,5) where x = 3 and F'(3) = 0.3023.
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One would expect that the mean residual lifetime m, ,(z) decreases for increasing z, corre-
sponding to that the expected residual lifetime decreases when the age x increases. This is
not always the case. For an exponential distribution with form factor ¢ = 2 (Sec. 5.1), we
have my , = m. For steep distributions (1 < e < 2) we have my, < m (Sec. 4.2), whereas for
flat distributions (2 < e < 00), we have my, > m (Sec. 4.3).

Example 3.1.1: Waiting-time distribution
The waiting time distribution W;(t) for a random customer usually has an a positive probability
mass (atom) at ¢ = 0, because some of the customers get service immediately without waiting. We
thus have W5(0) > 0. The waiting time distribution W, (¢) for customers that have positive waiting
times then becomes (3.11):
Ws(t) - W (O)

1- WS(O) ’

or if we denote the probability of a positive waiting time [1 — Ws(0)] by D:

W (t) =

D{1—-W, ()} =1—W,(). (3.18)
For the density function we have: (3.11):
D -wi(t) = ws(t). (3.19)

For mean values we get:

D w=W, (3.20)

where the mean value for all customers is denoted by W, and the mean value for the delayed
customers is denoted by w. O

3.1.3 Load from holding times of duration less than x

So far we have attached the same importance to all lifetimes independent of their duration.
The importance of a lifetime is often proportional to its duration, e.g. when we consider the
load of queueing system, charging of CPU-times, telephone conversations etc.

If we allocate a weight factor to a life time proportional to its duration, then the average
weight og all time intervals (of course) becomes equal to the mean value:

m = /Ooot Cf)dt, (3.21)

where f(t)dt is the probability of an observation within the interval (¢,¢ 4 dt), and ¢ is the
weight of this observation.

In a traffic process we are interested in calculating how large a proportion of the total traffic
is due to holding times of durations less than x:

0p = /Oxi Cf()dt (3.22)

m
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(This is the same as the proportion of the mean value which is due to contributions from
lifetimes less than x).

Often relatively few service times make up a relatively large proportion of the total load. From
Fig. 3.2 we see that if the form factor € is 5, then 75% of the service times only contribute
with 30% of the total load (Vilfred Pareto’s rule). This fact can be utilised to give priority
to short tasks without delaying the longer tasks very much (Chap. 13).

3.1.4 Forward recurrence time

The residual lifetime from a random point of time is called the forward recurrence time. In
this section we shall derive some important formulee. To formulate the problem we consider
an example. We wish to investigate the lifetime distribution of cars, and ask car-owners
chosen at random about the age of their car. As the point of time is chosen at random,
then the probability of choosing a car is proportional to the total lifetime of the car. The
distribution of the future residual lifetime will then be identical with the already achieved
lifetime.

By choosing a sample in this way, the probability of choosing a car is proportional to the
lifetime of the car, i.e. we will preferably choose cars with long lifetimes (length-biased sam-

pling). The probability of choosing a car having a total lifetime z is given by (ref. moment
distribution in statistics) (cf. the derivation of formula (3.22)):

x - f(x)dxi
—

As we consider a random point of time, the distribution of the remaining lifetime will be
uniformly distributed in (0, z|:

1
ftlz) ==, O0<t<uz.
T

Then the density function of the remaining lifetime at a random point of time is as follows:

o) = [T E o,

o(t) = 1_TF(” | (3.23)

where F'(t) is the distribution function of the total lifetime and m is the mean value.
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Figure 3.2: Example of the relative traffic load from holding times shorter than a given value
given by the fractile of the holding time distribution (3.22). Here ¢ = 2 corresponds to an
exponential distribution and € = 5 corresponds to a Pareto-distribution. We note that the
10% largest holding times contributes with 33%, respectively 47%, of the load (cf. customer
averages and time averages in Chap. 5).
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By applying the identities (3.3), we note that the i’th moment of v(t) is given by the (i+1)’th
moment of f(t):

My = / - v(t)dt
0

o . 1—F(t
— / tz.i()dt

0

1

m

_ .%./Ooo(i+1)'ti~(1—F(t))dt,

141
1 1
’ 1+1 m '

We obtain the mean value:
‘€ (3.25)

m
mv:5

where ¢ is the form factor of the lifetime distribution. These formulae are also valid for
discrete time distributions.

3.2 Combination of stochastic variables

We can combine lifetimes by putting them in series or in parallel or by a combination of the
two.

3.2.1 Stochastic variables in series

A linking in series of k independent time intervals corresponds to addition of £ independent
stochastic variables, i.e. convolution of the stochastic variables.

If we denote the mean value and the variance of the i’th time interval by my ;, o2, respectively,
then the sum of the stochastic variables has the following mean value and variance:

k
m=m; = Z my;, (326)
=1

o? = Z o . (3.27)
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In general, we should add the so-called cumulants, and the first three cumulants are identical
with the first three central moments.

The distribution function of the sum is obtained by the convolution:

Ft)=FR)® FKt) - o Fi(l), (3.28)
where ® is the convolution operator (Sec. 6.2.2).

Example 3.2.1: Binomial distribution and Bernoulli trials

Let the probability of succes in a trial (e.g. throwing a dice) be equal to a and the probablity of
failure thus equal to 1 —a. The number of successes in a single trial will then be given by the
Bernoulli distribution:

p1(w):{ l-a, =0, (3.29)

a, z=1.

If we in total make S trials, then the distribution of number of successes is Binomial distributed:

psli) = (S. ) o (1—a)5~ | (3.30)

7

which therefore is obtainable by convolving S Bernoulli distributions. If we make one additional
trial, then the distribution of the total number of successes is obtained by convolution of the Binomial
distribution (3.30) and the Bernoulli distribution (3.29):

psp(i) = ps(i)-p1(0) +ps(i—1)-pi(1)

7

S ONES R

= ( S;,’—l ) ol (1—a)’~*1  qed.

3.2.2 Stochastic variables in parallel

By the weighting of ¢ independent stochastic variables, where the ¢’th variable appears with
weight factor p;, (mean value m;; and variance o?), the stochastic variable of the sum has
the mean value and variance as follows:

l l
i=1

i=1

l
of = ) pi(of +mi;) —m’. (3.32)
=1
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In this case we must weight the non-central moments. For the v’th moment we have

l
my =Y P+ My, (3.33)
=1

where m,; is the v’th non-central moment of the distribution of the 7’th interval.

The distribution function (compound distribution ) is as follows:

F(t) = Zpl- - Fy(t). (3.34)

A similar formula is valid for the density function.

3.3 Stochastic sum

By a stochastic sum we understand the sum of a stochastic number of stochastic variables
(Feller, 1950 [?]). Let us consider a trunk group without congestion, where the arrival process
and the holding times are stochastically independent. If we consider a fixed time interval T,
then the number of arrivals is a stochastic variable N. In the following N is characterised by:

N :  density function p(7),

mean value my , (3.35)

2

variance o,, ,

(3.36)

Arriving call number ¢ has the holding time X;. All X; have the same distribution, and each
arrival (request) will contribute with a certain number of time units (the holding times) which
is a stochastic variable characterised by:

X :  density function f(zx),
mean value my , (3.37)
variance o>

x )

(3.38)



46

The total traffic volume generated by all arrivals (requests) arriving within the considered
time interval 7" is then a stochastic variable itself:

Sr=X;+Xo+--+Xn. (3.39)

In the following we assume that X; and N are stochastically independent. This will be

Figure 3.3: A stochastic sum may be interpreted as a series/parallel combination of random
stochastic variable.

fulfilled when the congestion is zero.

The following derivations are valid for both discrete and continuous stochastic variables (sum-
mation is replaced by integration or vice versa).

The stochastic sum becomes a combination of stochastic variables in series and parallel as
shown in Fig. 3.3 and dealt with in Sec. 3.2. For a given branch i we find (Fig. 3.3):

my; = - Mig, (3.40)

o = i-0}, (3.41)
Mo; = i-0-4 (i-mig)?, (3.42)
ei(s) = wals)". (3.43)

By summation over all possible values (branches) i we get:

o0
mps = Zp(i)'ml,i
i=1

= ZP(Z> - ml,z )
=1
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mys = Mig-Min, (344)
Mgs = ZP(Z) s,
i=1

- ZP(Z) Ai-oZ+ (i-mag)},

2 2
Moy = Miy-02+mi, Moy, (3.45)
2 2 2 2
Og = Min- 0, + My (mQ,n - ml,n) )
2 2 2 2
Oy = Mip-0,+mi, o,, (3.46)

Z(2) = ipu) - pals)

Zdz) = Z(pls). (3.47)

Thus the stochastic sum S has a probability generating function equal to the compound
generating function, and we may find the mean value and the variance of the stochastic sum
by differentiating this (Exercise 77).

We notice there are two contributions to the total variance: one term because the number of
calls is a stochastic variable (02), and a term because the duration of the calls is a stochastic
variable (02). In Exercise 77 the 3rd moment is given.

Example 3.3.1: Special case 1: N = n = constant (m, = n)

mis = N-Migx,

)

o2 = o.n. (3.48)

S x

This corresponds to counting the number of calls at the same time as we measure the traffic volume
so that we can estimate the mean holding time. O

Example 3.3.2: Special case 2: X = x = constant (m, = x)

o2 = z?.02. (3.49)

If we change the scale from 1 to my,, then the mean value has to be multiplied by m; , and the
variance by m%m The mean value m;, = 1 corresponds to counting the number of calls, i.e. a
problem of counting. O



48

Example 3.3.3: Stochastic sum

As a non-teletraffic example N may denote the number of rain showers during one month and Xj;
may denote the precipitation due to the i’th shower. St is then a stochastic variable describing
the total precipitation during a month. N may also for a given time interval denote the number of
accidents registered by an insurance company and X; denotes the compensation for the i’th accident.
St then is the total amount paid by the company for the considered period. O

Updated: 2000-02-27



Chapter 4

Time Interval Distributions

The exponential distribution is the most important time distribution within teletraffic theory.
This time distribution is dealt with in Sec. 4.1.

Combining exponential distributed time intervals in series, we get a class of distributions
called Erlang distributions (Sec. 4.2). Combining them in parallel, we obtain hyper—exponen-
tial distribution (Sec. 4.3). Combining exponential distributions both in series and in par-
allel, possibly with feedback, we obtain phase-type distributions, which is a class of general
distributions. One important sub—class of phase-type distributions is Coxian-distributions
(Sec. 4.4). We note that an arbitrary distribution can be expressed by a Cox—distribution
which can be used in analytical models in a relatively simple way. Finally, we also deal with
other time distributions which are employed in teletraffic theory (Sec. 4.5). Some examples
of observations of life times are presented in Sec. 4.6.

4.1 Exponential distribution

In teletraffic theory this distribution is also called the negative exponential distribution. It
has already been mentioned in Sec. 3.1.2 and it will appear again in Sec. 6.2.1.

In principle, we may use any distribution function with non—negative values to model a life—
time. However, the exponential distribution has some unique characteristics which make this
distribution qualified for both analytical and practical uses. The exponential distribution
plays a key role among all life-time distributions.

This distribution is characterised by a single parameter, the intensity or rate A:

Ft) = 1—e™,  A>0, t>0, (4.1)

49



50

The gamma function is defined by

r(n+1):/0°°tn-e—t-dt:n!. (4.3)

We replace ¢t by At and get the v’th moment:

my = (4.4)
Mean value: m=my; = i ,
Second moment: my = % ,
: ) 2 _ 1
Variance: 0" =153,
Form factor: €=

Figure 4.1: In phase diagrams an exponentially distributed time interval is shown as a box
with the intensity. The box thus means that a customer arriving to the box is delayed an
exponentially distributed time interval before leaving the box.

The exponential distribution is very suitable for describing physical time intervals (Fig. 6.2).
The most fundamental characteristic of the exponential distribution is its lack of memory.
The distribution of the residual time of a telephone conversation is independent of the actual
duration of the conversation, and it is equal to the distribution of the total lifetime (3.11):

)\e—(t-i-a:))\
flt+zlz) = v
= e M

= f(®).

If we remove the probability mass of the interval (0, z) from the density function and nor-
malise the residual mass in (z, 00) to unity, then the new density function becomes congruent
with the original density function. The only continuous distribution function having this
property is the exponential distribution, whereas the geometric distribution is the only dis-
crete distribution having this property. An example with the Weibull distribution where this
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property is not valid is shown in Fig. 3.1). For k = 1 the Weibull distribution becomes iden-
tical with the exponential distribution. Therefore, the mean value of the residual life-time is
my, = m, and the probability of observing a life-time in the interval (¢, ¢+ dt), given that it
occurs after t, is given by

F(t)dt

t< X <t+dt|X >t
P <X <iralX>1) = ;o

— A\dt. (4.5)

i.e. it is independent of the actual age t.

4.1.1 Minimum of k exponentially distributed stochastic variables

We assume that two stochastic variables X; and X, are mutually independent and expo-
nentially distributed with intensities A\; and \s, respectively. A new stochastic variable X is
defined as:

X = min {Xl,XQ} .

The distribution function of X is:
p{X <t} =1—¢ MRt (4.6)

This distribution function itself is also an exponential distribution with intensity (A; + Ag).

Under the assumption that the first (smallest) event happens at the time ¢, then the proba-
bility that the stochastic variable X is realized first is given by:

e Midt - et
()\1 —+ )\2) 6_()‘1+>‘2)tdt

p{Xl < X2|t} =

A1
= . 4.7
A1+ Ao (4.7)

i.e. independent of . (We do not need to integrate over all values of ¢).

These results can be generalised to k variables and make up the basic principle of the simu-
lation technique called the roulette method, a Monte Carlo simulation methodology.

4.1.2 Combination of exponential distributions

If one exponential distribution (i.e. one parameter) cannot describe the time intervals in suffi-
cient detail, then we may have to use a combination of two or more exponential distributions.
Conny Palm introduced two classes of distributions: steep and flat.
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A steep distribution corresponds to a set of stochastic independent exponential distributions
in series (Fig. 4.2), and a flat distribution corresponds to exponential distributions in par-
allel (Fig. 4.4). This structure naturally corresponds to the shaping of traffic processes in
telecommunication and data networks.

By the combination of steep and flat distribution, we may obtain an arbitrary good approx-
imation for any distribution function (see Fig. 7?7 and Sec. 4.4). The diagrams in Figs. 4.2
& 4.4 are called phase-diagrams.

— = )\1 )\2 N A N I R [ — - )\k) | =

Figure 4.2: By combining k exponential distributions in series we get a steep distribution
(e <2). If all k distributions are identical (A; = \), then we get an Erlang—k distribution.

3
50
N
Erlang—k|distributions
2
1 5
><Zé 2
1 \
N
0 1 2 3

Figure 4.3: Erlang—k distributions with mean value equal to one. The case k = 1 corresponds
to an exponential distribution (density functions).
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4.2 Steep distributions

Steep distributions are also called hyper—exponential distributions or generalised Erlang dis-
tributions with a form factor in the interval 1 < ¢ < 2. This generalised distribution function
is obtained by convolving k exponential distributions (Fig. 4.2). Here we only consider the
case where all k exponential distributions are identical. Then we obtain the following density
function which is called the Erlang-k distribution:

ft) = e M oXN>0, t>0, k=1,2,.... (4.8)

F(t) = i(”)j~e“ (4.9)

e (cf. Sec. 6.1). (4.10)

k
= — 411
m )\7 ( )
k
o? = IvE (4.12)
o2 1
= 14+ —=1+- 4.1

The 7’th non-central moment is:

(i+k—1) /1Y
mi:W~(X) . (4.14)

The density function is derived in Sec. 6.2.2. The mean residual life-time m; ,.(z) for x > 0
will be less than the mean value:

mi(x) <m, x>0.

With this distribution we have two parameters (A, k) available to be estimated from observa-
tions. The mean value is often kept fixed. To study the influence of the parameter k in the
distribution function, we normalise all Erlang—k distributions to the same mean value as the
Erlang-1 distribution, i.e. the exponential distribution with mean 1/\, by replacing ¢ by kt
or A by kA\:

(Akt)F1

— Akt
o R (4.15)

1) -dt =
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1
= = 4.16
m A’ ( )
1
2
~ o4l (4.18)
e = k‘ .

Notice that the form factor is independent of time scale. The density function (4.15) is
illustrated in Fig. 4.3 for different values of & with A = 1. The case k = 1 corresponds to the
exponential distribution. When k — oo we get a constant time interval (¢ = 1). By solving
f'(t) =0 we find the maximum value at:

kE—1

At = ——. 4.19
- (419)

The so-called steep distributions are named so because the distribution functions increase
quicker from 0 to 1 than the exponential distribution do. In teletraffic theory we sometimes
use the name Erlang—distribution for the truncated Poisson distribution (Sec. 7.3).

Example 4.2.1: Laplace transform of Erlang-k distribution
The Laplace transformation of Erlang-k distribution becomes:

w(S):{ A }k (4.20)

A+s

from which, by differentiating we can also get the moments. Corresponding to (4.8), the Laplace

transformation of (4.15) is:

k
kA \F A

= = ) 4.21
o = {5 ) {H%} (121)
O

4.3 Flat distributions

The general distribution function is in this case a weighted sum of exponential distributions
(compound distribution) with a form factor ¢ > 2:

F(t) = /OOO (1-e?)dw(y),  A>0, t>0. (4.22)

where the weight function may be discrete or continuous (Stieltjes integral). This distribution
class corresponds to a parallel combination of the exponential distributions (Fig. 4.4). The
density function is called complete monotone due to the alternating signs (Palm, 1957 [11]):

(=1)”- fP) > 0. (4.23)
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pl )\1
p2 )\2

T Yy
L A Shpi=1

Figure 4.4: By combining k exponential distributions in parallel and choosing branch number
1 with the probability a;, we get a hyper—exponential distribution, which is a flat distribution
(e>2).

The mean residual life-time m, ,.(x) for all z > 0 is larger than the mean value:

my () >m, z>0. (4.24)

4.3.1 Hyper-exponential distribution

In this case, W () is discrete. Suppose we have the following given values:
)\la )\Qa BRI Ak)
and that W () has the positive increases:

b1, P2, --- 5 Pk,

where

k
> pi=1. (4.25)
=1

For all other values W (\) is constant. In this case (4.22) becomes:

k
Ft)y=1=Ypi-e ™, t>0. (4.26)
=1

The mean values and form factor may be found from (3.31) and (3.32) (o; =my; = 1/\;):

k

m = Z%, (4.27)
=1 7"



56

e = 2{%%}/{%?—}2 > 2. (4.28)

i=1 1=1

If n =1 or all \; are the same, we have the exponential distribution.

This class of distributions is called hyper—exponential distributions and can be obtained by
combining n exponential distributions in parallel, where the probability of choosing the i’th
distribution is given by p;. The distribution is called flat because its distribution function
increases more slowly from 0 to 1 than the exponential distribution does.

In practice, it is difficult to estimate more than one or two parameters. The most important
case is forn =2 (py = p,pa =1 — p):

Ft)y=1—p-e™M —(1—p)-e . (4.29)

Statistical problems arise even when we deal with three parameters. So for practical ap-
plications we usually choose A\; = 2Ap; and thus reduce the number of parameters to only

two:
F(t) =1—pe 2%t — (1 — p)e~P0-P (4.30)

The mean value and form factor becomes:

m =

1
© = i (4.31)

For this choice of parameters the two branches have the same contribution to the mean value.
Fig. 4.5 illustrates an example.

4.4 Cox distributions

By combining the steep and flat distributions we obtain a general class of distributions (phase—
type distributions) which can be described with exponential phase in both series and parallel
(e.g. a k x ¢ matrix). To analyse a model with this kind of distributions, we can apply the
theory of Markov processes, for which we have powerful tools as the phase-method. In the
more general case we can allow for loop back between the phases.

We shall only consider Cox-distributions as shown in Fig. ?? (Cox, 1955 [?]). These also ap-
pear under the name of “Branching Erlang” distribution (Erlang distribution with branches).
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Figure 4.5: Density (frequency) function for holding times observed on lines in a local ex-
change during busy hours. (Exchange 0163, 27/5-6/6 1975).
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The mean value and variance of this Cox distribution (Fig. ??) are found from the formulae
in Sec. 3.2:

m=Zqz-<1—pi>{i%} ) (4.32)

i=1 =1\
where

4% =Po P P2 Di-1- (4.33)

The term ¢;(1 — a;) is the probability of jumping out after being in i’th phase. The mean
value can be expressed by the simple form:

m=3"% S m,, (4.34)

=1 " =1

where my ; = ¢;/\; is the i’th phase related mean value. The variance is:

k
o’ = {Z% (1 —ps) 'mZ,i} —m?,
i1

JQZZqi~(1—pi)- i%jL(zZ:/\%) —m?, (4.35)

i=1 j=17Y J=1
which can be written as (Hansen, 1983 [?]):
) k 7 1 ¢ )
o?=2Y > |-~ -m. (4.36)
i=1 j=1 )‘j Ai

The addition of two Cox—distributed stochastic variables yields another Cox-distributed vari-
able, i.e. this class is closed under the operation of addition.

The distribution function of a Cox distribution can be written as a sum of exponential func-
tions:

k
1—F(t)=>¢-e ™, (4.37)
i=1

where

k

0<> ¢ <1,

i=1

and
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4.4.1 Polynomial trial

The following properties are of importance for later applications. If we consider a point of
time chosen at random within a Cox—distributed time interval, then the probability that this
point is within phase 7’ is given by:
m; .
—, 1=1,2,... k. (4.38)
m
If we repeat this experiment y (independently) times, then the probability that phase i is
observed y; times is given by multinomial distribution (= polynomial distribution):

— y ) m“)yl ) (mm)y? ..... (mlvk)yk 4.39
pylyi v, (?le2-~yk> (m m m ’ (4.39)

where i
Yy = Z Yi,
i=1
and |
< Y ) - Y . (4.40)
Y1Y2 - - Yk y1|y2' ..... yk'

These (4.40) are called the multinomial coefficients. By the property of “lack of memory” of
the exponential distributions (phases) we have full information about the residual lifetime,
when we know the number of the actual phase.

4.4.2 Decomposition principles

= >

Figure 4.6: An exponential distribution with rate \ is equivalent to the shown Cox distribution
(Theorem 4.1).

Phase—diagrams are a useful tool for analysing Cox distributions. The following is a funda-
mental characteristic of the exponential distribution (Iversen & Nielsen, 1985 [10]):
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Theorem 4.1 An exponential distribution with intensity A can be decomposed into a two-
phase Cox distribution, where the first phase has an intensity m > X\ and the second phase
intensity X (cf. Fig. 4.6).

Theorem 4.1 shows that an exponential distribution is equivalent to a homogeneous Cox
distribution (homogeneous: same intensities in all phases) with intensity m and an infinite
number of phases (Fig. 4.6). We notice that the branching probabilities are constant. Fig. 4.7
corresponds to a weighted sum of Erlang—k distributions where the weighting factors are
geometrically distributed.

I—p 1—p 1—p I—p

JE—— M

Figure 4.7: An exponential distribution with rate X\ is by successive decomposition trans-
formed into a compound distribution of homogeneous Erlang—k distributions with rates i > \,
where the weighting factors follows a geometric distribution (quotient p = A\/m).

—1 ) 1—p A

Figure 4.8: As a hyper—exponential distribution with two phases A\ > Ay can be transformed
to a Cox—2 distribution (cf. Sec. 4.4.2).

According to Theorem 4.1 a hyper—exponential distribution with ¢ phases is equivalent to
a Cox distribution with the same number of phases. The case ¢ = 2 is shown if Fig. 4.8

(Chandy & Sauer, 1981) [?]).

We have another property of Cox distributions (Iversen & Nielsen, 1985 [10]):
Theorem 4.2 The phases in any Cox distribution can be ordered, such as \; > X\i11.

By using phase diagrams it is easy to see that any exponential time interval (A) can be
decomposed into phase-type distributions (\;), where \; > A. Referring to Fig. 4.9 we notice
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that the rate out of the macro-state (dashed box) is A independent of the micro state. When
the number of phases k is finite and there is no feedback the final phase must have rate .

Figure 4.9: This phase-type distribution is equivalent to a single exponential when p;-\; = \.
Thus \; > A as 0 <p; < 1.

4.4.3 Importance of Cox distribution

Cox distributions have attracted a lot of attention during recent years. They are of great
importance due to the following properties:

a. Cox distribution can be analysed using the method of phases.

b. One can approximate an arbitrary distribution arbitrarily well with a Cox distribution.
If a property is valid for a Cox distribution, then it is valid for any distribution of
practical interest (Hordijk & Schassberger, 1982 [?]).

By using Cox distributions we can with elementary methods obtain results which previously
required very advanced mathematics.

In the connection with practical applications of the theory, we have used the methods to
estimate the parameters of Cox distribution. In general there are 2k parameters in an un-
solved statistical problem. Normally, we may choose a special Cox distribution (e.g. Erlang—k
or hyper—exponential distribution) and approximate the first moment. In (Bux & Herzog,
1977 [?]) it is assumed that all intensities are identical (A; = A) and the problem is formu-
lated as a linear programming problem. In (Lazowska & Addison, 1979 [?]) an exponential
distribution in series with a hyper-exponential distribution with 2 phases (totally 3 phases)
is chosen. An advanced approach is presented in (Olsson, 1995 [?]).

By numerical simulation on computers using the Roulette method, we automatically obtain
the observations of the time intervals as Cox distribution with the same intensities in all
phases (cf. e.g. Jolley, 1980 [?]).
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4.5 Other time distributions

In principle, every distribution which has non—negative values, may be used as a time dis-
tribution to describe the time intervals. But in practice, one may work primarily with the
above mentioned distributions.

We suppose the parameter k in Erlang-k distribution (4.8) takes non-negative real values and
obtain the gamma distribution:

f#) =55 (0T e™ A >0, >0, (4.41)

The mean value and variance are given in (4.11) and (4.12).

Another example of a distribution also known in teletraffic theory is the Weibull distribution
(Rahko, 1970 [?]):

Fit)=1—e™" >0, k>0, A>0. (4.42)

With this distribution one can e.g. get the time-dependent death intensity (3.14):

dF(t)  Ae” OO k() ldt
1—-F(t) e~ ()F ’
mi(t) = Me(M)FL. (4.43)

This distribution has its origin in the reliability theory. For £ = 1 we have the exponential
distribution.

Later, we will deal with a set of discrete distributions, which also describes the life-time, such
as geometrical distribution, Pascal distribution, Binomial distribution, Westerberg distribu-
tion etc. In practice, the parameters of distributions are not always stationary.

The service (holding) times can be physically correlated with the state of the system. In man—
machine systems the service time changes because of the busyness (decreases) or tiredness
(increases). In the same way, the electro-mechanical systems work more slowly during periods
of high load because the voltage decreases.

Modelling techniques will not be discussed here.

For some distributions which are widely applied in the queueing theory, we have the following
abbreviated notations (cf. Sec. 13.1):
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M~ Exponential distribution (Markov),
E. ~ Erlang-k distribution,
H, ~ Hyper-exponential distribution of order n,

D ~ Constant (Deterministic),
Cox ~ Cox distribution,
G ~ General = arbitrary distribution.

4.6 Observations of life—time distribution

Fig. 4.5 shows an example of observed holding times from a local telephone exchange. The
holding time consists of both signalling time and, if the call is answered, conversation time.
Fig. 6.2 shows observation and inter—arrival times of incoming calls to a transit telephone
exchange during one hour.

From its very beginning, the teletraffic theory has been characterised by a strong interac-
tion between theory and practice, and there has been excellent possibilities to carry out
measurements.

Erlang (Erlang, 1920 [?]) reports a measurement where 2461 conversation times were recorded
in a telephone exchange in Copenhagen in 1916. Palm (1943 [?]) analysed the field of traffic
measurements, both theoretically and practically, and implemented extensive measurements
in Sweden. Other extensive measurements are described in (Christensen, 1963 [?]), (Ahlstedt,
1966 [?]) and (Rahko, 1970 [?]).

By the use of computer technology a large amount of data can be collected. The first computer
assisted measurement is described in (Iversen, 1973 [?]). Another example is in (Gaustad Flo
& Dadswell, 1973 [?]). The importance of using discrete values of time when observing values
is dealt with in Chapter 15. Bolotin (1994, [?] has measured and modelled Telecommunication
holding times.

Numerous measurements on computer systems have been carried out. Where in telephone
systems we seldom have a form factor greater than 6, in data traffic we observe form factors
greater than 100 (Sauer & Chandy, 1981 [?]). This is the case e.g. for data transmission,
where we send either a few characters or a large quantity of data. (Pawlita, 1981 [?]) shows
some early examples of data traffic measurements. More recent extensive measurements have
been performed and modelled using self-similar traffic models (Jerkins & al., 1999 [?]).

Later: Log-normal and Pareto distributions

Updated: 2001-03-22
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Chapter 5

Arrival Processes

Arrival processes, such as telephone calls arriving to a central exchange are described mathe-
matically as stochastic point processes. For a point process, we have to be able to distinguish
two arrivals from each other. Informations concerning the single arrival (e.g. service time,
number of customers) are ignored. So the information can only be used to determine whether
an arrival belongs to the process or not.

The mathematical theory for point process was founded and developed by the Swede Conny
Palm during the 1940’ies. This theory has been widely applied in many subjects. It was

mathematically refined by Khintchine ([15], 1968), and was made widely applicable by, e.g.
Cox, Lewis and Isham ([?], [12]).

5.1 Description of point processes
In the following we only consider regular point process, i.e. we exclude twin arrivals. For
telephone calls this may be realized by a choosing sufficient detailed time scale.

Consider call arrival times where the 7’th call arrives at time T;:
O=To<Th<Th<..<T,<Ti1<.... (5.1)

The first observation takes place at time 7 = 0.
The number of calls in the half open interval [0,¢[ is denoted as N;. Here N, is a stochastic

variable with continuous time parameters and discrete space. When ¢ increases, N; never
decreases.

65
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Figure 5.1: The call arrival process at the incoming lines of a transit exchange (Holbaek MC,
day: 1969-08-04, time: 09.10-09.11).

Time distance between two arrivals is:

Xi=T, - T, i=12....

(5.2)

This is called the inter-arrival time, and the distribution of this process is called the inter-
arrival time distribution.

Corresponding to the two stochastic variables N; and X;, the two processes can be charac-

terised in two ways:

1. Number representation N;: time interval ¢ is kept constant, and we observe the stochas-
tic variable N, for the number of calls in ¢.

2. Interval representation T;: number of arriving calls is kept constant, and we observe
the stochastic variable T; for the time interval until there has been n arrivals (especially

T = Xy).

The fundamental relation between the two representations is given by the following simple

relation:

N; <n, if and only if
T,=>",X;>t, n=12 ...

(5.3)
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This is expressed by Feller-Jensen’s identity:

p{N: <n} =p{T, >t}, n=12... (5.4)

Analysis of point process can be based on both of these representations. In principle they are
equivalent. Interval representation corresponds to the usual time series analysis. If we e.g.
let © = 1, we obtain call averages, i.e. statistics based on call arrivals.

Number representation has no parallel in time series analysis. The statistics we obtain are
calculated per time unit and we get time averages. (cf. the difference between call congestion
and time congestion).

The statistics of interests when studying point processes, can be divided according to the two
representations.

5.1.1 Basic properties of number representation

There are two properties which are of theoretical interests:

1. The total number of arrivals in interval [t1, t5] is equal to N, — Ny, .

The average number of calls in the same interval is called renewal function H:

H(t,t) = E{N, — N,,} . (5.5)

2. The density of arriving calls at time ¢ (mean value of time) is:

N, — N,
A = lim t+At t

a7/
Jim =EE = (5.6)

We assume that )\, exists and is finite. We may interprete \; as the intensity, with
which arrivals occur at time ¢ (cf. Sec. 3.1.2).

For regular point processes, we have:

P{Nar — Ny > 2} = o(At), (5.7)
P{Npar — Ny =1} = NAtL+o(Al), (5.8)
p{Niiar — Ny =0} = 1— NAt+ o(At), (5.9)
where by definition
lim 280 _ . (5.10)

At—0 At
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3. Index of Dispersion for Counts, IDC.

To describe second order properties of the number representation we use the index of
dispersion for counts, IDC. This describes the variations of the arrival process during a
time interval ¢ and is defined as:

_ Var{N:}

IDC = A (5.11)

By dividing the time interval ¢ into z intervals of duration ¢/x and observing the number
of events during these intervals we obtain an estimate of IDC(t). For the Poisson process
IDC becomes equal to one. IDC is equal to “peakedness”, which we later introduce to
characterise the number of busy channels in a traffic process (7.7).

5.1.2 Basic properties of interval representation

4. The distribution f(¢) of time intervals X; (5.2) (and by convolving the distribution by

itself ¢ — 1 times) the distribution of the time until the ¢'th arrival).
Fi(t) = p{X;<t}, (5.12)

E{X} = mi,. (5.13)

)

The mean value is an average number of arriving calls which is obtained per each call.

A renewal process is a point process, where the following (sequential) inter-arrival times
are stochastic independent to each other and have the same distribution (except for X),
i.e. m; = m. (IID = Identically and Independently Distributed).

. The distribution V'(¢) of the time interval from a random epoch until the first arrival

occurs.

The mean value of V(¢) is a time average, which is calculated per time unit. (Sec. 77?).

. Index of Dispersion for Intervals, IDI.

To describe second order properties for the interval representation we use the Index of
Dispersion for Intervals, IDI. This is defined as:

var{X;}

IDI =
E{X;}?’

(5.14)

where X; is the inter-arrival time. For the Poisson process, which has exponentially
distributed service times, IDI becomes equal to one. IDI is equal to Palm’s form factor
minus one (3.10). In general, IDI is more difficult to obtain from observations than
IDC; and more sensitive to the accuracy of measurements and smoothing of the traffic
process. The digital technology is more suitable for observation of IDC, whereas it
complicates the observation of IDI (cf. Chap. 15).
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Which of the two representations one should use in practice really depends on the actual
case. This can be illustrated by the following examples.

Example 5.1.1: Measuring principles
Measures of teletraffic performance are carried out by one of the two basic principles as follows:

1. Passive measures. Measuring equipment records at regular time intervals the number of
arrivals since the last recording. This corresponds to the scanning method, which is suitable
for computers. This corresponds to the number representation where the time interval is fixed.

2. Active measures. Measuring equipment records an event at the instant it takes place. We
keep the number of events fixed and observe the measuring interval. Examples are recording
instruments. This corresponds to the interval representation, where we obtain statistics for
each single call.

Example 5.1.2: Test calls
Investigation of the traffic quality. In practice this is done in two ways:

1. The traffic quality is estimated by collecting statistics of the outcome of test calls made
to specific (dummy-) subscribers. The calls are generated during busy hour independently
of the actual traffic. The test equipment records the number of blocked calls etc. The
obtained statistics corresponds to time averages of the performance measure. Unfortunately,
this method increases the offered load on the system. Theoretically, the obtained performance
measures will differ from the correct values.

2. The test equipments collect data from call number N, (2N, (3N,... (e.g. N = 1000). The
traffic process is unchanged, and the performance statistics is a call average.

Example 5.1.3: Call statistics
A subscriber evaluates the quality by the fraction of calls which are blocked, i.e. time average.

The operator evaluates the quality by the proportion of time when all trunks are busy, i.e. time
average. O

The two types of average values (time/call) are often mixed, resulting in apparently conflicting
statement.
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Example 5.1.4: Called party busy (B-Busy)

At a telephone exchange 10% of the subscribers are busy, but 20% of the call attempts are blocked
due to B-busy (called party busy). This phenomenon can be explained by the fact that half of
the subscribers are passive (i.e. make no call attempts and receive no calls), whereas 20% of the
remaining subscribers are busy. G. Lind (1976([16]) analysed the problem under the assumption
that each subscriber on the average has the same number of incoming and outgoing calls. If mean
value and form factor of the distribution of traffic per subscriber is b and e, respectively, then the
probability that a call attempts get B-busy is b - €. O

5.2 Characteristics of point process

Above we have discussed a very general structure for point processes. For specific applications
we have to introduce futher properties. Below we only consider number representation, but
we could do the same based on the interval representation.

5.2.1 Stationarity (Time homogeneity)

This property can be described as, regardless of the position on the time axis, then the
probability distributions describing the point process are independent of the instant of time.
The following definition is useful in practice:

Definition : For an arbitrary ¢t > 0 and every k > 0, the probability that there are k
arrivals in [t1,t; + t5[ is independent of ¢; i.e. for all ¢, k we have

PA{Nttt, — Ny =k} = p{Npyto4t — Neyye = k} (5.15)

One are many other definitions of stationarity, some stronger, some weaker.

Stationarity can also be defined by interval representation by requiring all X; to be indepen-
dent and identically distributed (IID). A weaker definition is that all first and second order
moments (e.g. the mean value and variance) of a point process must be invariant with respect
to time shifts.

Erlang introduced the concept of statistical equilibrium, which requires that the derivatives
of the process with respct to time are zero.
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5.2.2 Independence

This property can be expressed as the requirement that the future evolution of the process
only depends upon the present state.

Definition : The probability that k& events (k integer and > 0) take place in [t1, ¢ + to[ is
independent of events before time ¢,

p{NtQ_Ntl :k|Nt1 _Nto :n}:p{NtQ_Ntl :k} (516)

If this holds for all ¢, then the process is a Markov process: the future evolution only depends
on the present state, but is independent of how this has been obtained. This is the lack of
memory property. If this property only holds for certain time points (e.g. arrival times), these
points are called equilibrium points or regeneration points. The process then has a limited
memory, and we only need to keep record of the past back the the latest regeneration point.

Example 5.2.1: Equilibrium points = regeneration points
Examples of point process with equilibrium points.

a) Poisson process is (as we will see in next chapter) memoryless, and all points of the time axes
are equilibrium points.

b) A scanning process, where scannings occur at a regular cycle, has limited memory. The latest
scanning instant has full information about the scanning process, and therefore all scanning
points are equilibrium points.

c¢) If we superpose the above-mentioned Poisson process and scanning process (e.g. by investigat-
ing the arrival processes in a computer system), the only equilibrium points in the compound
process are the scanning instants.

d) Consider a queueing system with Poisson arrival process, constant service time and single
server. The number of queueing positions can be finite or infinite. Let a point process be
defined by the time instants when service starts. All time intervals when the system is idle,
will be equilibrium points. During periods, where the system is busy, the time points for
accept of new calls for service depends on the instant when the first call of the busy period
started service.

5.2.3 Regularity

We have already mentioned (5.7) that we exclude processes with multiple arrivals.
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Definition : A point process is called regular, if the probability that there are more than
one event at a given point is zero:

p{Niiar — Ny > 2} = o(At) . (5.17)

With interval representation, the inter-arrival time distribution must not have a probability
mass (atom) at zero, i.e. the distribution is continuous at zero (3.1):

F(0+) =0 (5.18)

Example 5.2.2: Multiple events
Time points of traffic accidents will form a regular process. Number of damaged cars or dead people
will be a irregular point process with multiple events. O

5.3 Little’s theorem

This is the only general result that is valid for all queueing systems (nd it was first published
by Little (1961 [17]). The proofi below was shown by applying the theory of stochastic process
in (Eilon, 1969 [14]).

We consider a queueing system, where customers arrive under a stochastic process. Customers
enter the system at a random time and wait to get service, after being served they leave the
system.

In fig. 4.3, both arrival and departure processes are considered as stochastic processes with
cumulated number of customers as ordinate.

We consider a time space T" and assume that the system is in statistic equilibrium at initial
time t = 0. We have the following notations (ref. fig. 4.3):

N(T) = number of arrivals in the period T.

A(T) = the total service times of all customers in the period 7'
= the shadowed area between curves
= the carried traffic volume.

NT) = % = the average call intensity in the period T.
wW(T) = % = mean holding time in system per call in the period 7'

LT = # = the average number of calls in the system in the period T'.
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We have the important relation among these variables:

L(T) = - : = \(T) - W(T) (5.19)

If the limits of A = limy_.oo A(T) and W = limy_,o, W(T') exist, so exists the limited value
for L(T) and
L=X-W (Little’s theorem) (5.20)

This simple formula is valid for all general queueing system. The proof had been refined
during several years.

The formula, which is proved here by a very simple consideration of stochastic process, is
more useful than it is directly looked. We shall use this formula in Chapter 7?7 and 10.

Example 5.3.1: Little’s formula
We only consider the waiting positions, the formula shows

”the mean queue length is equal to call intensity multiplied by the mean waiting time”.

We now consider the service places, the formula shows

"the carried traffic is equal to arrival intensity multiplied by mean service time (A =y -s =
A/p)”. See Sect. 2.1

Updated: 2001-02-27
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Number of events

AerivaI process+—Ff - | -

e - |~— | Departure process

0 Time

Figure 5.2: A queueing system with arrival and departure of customers. The vertical distance
between the two curves is equal to the actual number of customers being served. The cus-
tomers in general don’t depart in the the same order as they arrive, so the horizontal distance
between the curves don’t describe the actual time in the system of a customer.



Chapter 6

The Poisson process

The Poisson process is the most important point process. Later we will realize that its
role among point processes is as fundamental as the role of the Normal distribution among
statistical distributions. By the central limit theorem we obtain the Normal distribution
when adding stochastic variables. In a similar way we obtain the exponential distribution
when multiplying stochastic variables.

All other applied point processes are generalisations or modifications of the Poisson process.
This process gives a surprisingly good description of many real-life processes. This is because
it is the most random process. The more complex a process is, the better it will in general
be modelled by a Poisson process.

Due to its great importance in practice, we shall study the Poisson process in detail in this
chapter. First (Sec. 6.2) we shall base our study on a physical model with main emphasis
upon the distributions associated to the process and then we shall consider some important
properties of the Poisson process (Sec. 6.3).

The Poisson process may be generalised in different ways (Sec. 6.4). Finally, in Sec. 7?7, we

look at the Poisson process as a pure birth process and introduce Kolmogorov’s differential
equation, which is the basis for the following chapters.

6.1 Characteristics of the Poisson process

The fundamental properties of the Poisson process are defined in Sec. 5.2:

(a) Stationarity,

)
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(b) Independence at all time points (epochs), and
(¢) Regularity.

(b) and (c) are fundamental properties, whereas (a) is not necessary. Thus we may allow a
Poisson process to have a time-dependent intensity.

From the above properties we may derive other properties that are sufficient for defining the
Poisson process. The two most important ones are:

e Number representation: The number of events within a time interval of fixed length is
Poisson distributed. Therefore, the process is named the Poisson process.

e Interval representation: The time distance X; between consecutive events is exponen-
tially distributed.

In this case, Formula (5.4) shows the fundamental relationship between the cumulated Poisson
distribution and the Erlang distribution (see Sec. 6.2.2) (Feller—Jensen’s identity):

’fZO(Ajt!)J _G_At:/;t%,w_m,dx:1_F(t) 61)

This formula can also be obtained by repeated partial integration.

6.2 The distributions of the Poisson process

In this section we shall consider the Poisson process in a dynamical and physical way (Fry,
1928 [18] and Arne Jensen, 1954 [19]). The derivations are based on a simple physical model
and put emphasis upon the probability distributions associated with the Poisson process.

The physical model is as follows: Events (arrivals) are placed at random on the real axis in
such a way that every event is placed independently of all other events.

The density is chosen as A events (arrivals) per time unit. If we consider the axis as a time
axis, then on the average we shall have A\ arrivals per time unit. The probability that a given
arrival pattern occurs within a time interval is independent of the location of the interval on
the time axis.

Let p(v,t) denote the probability that v events occur within a time interval of duration .
The mathematical formulation of the above model is as follows:
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(I) I‘<— ty —>', ! to ! Time

Figure 6.1: When deriving the Poisson process, we consider arrivals within two non-—
overlapping time intervals of duration t, and ty, respectively.

1. Independence: If t; and t, are two non—overlapping intervals (Fig. 6.1), we have because
of the independence assumption:

p(0,t1) - p(0,t2) = p (0,11 +t2) (6.2)

2. The mean value of the time interval between two successive arrivals is 1/\ (3.4):

0 1 1

| pOn =5 0<s<oo (6.3)

p(0, ) is the probability that there are no arrivals within the time interval (0, ), which

is also identical to the probability that the time until the first event is larger than ¢ (the

complementary distribution). The mean value (6.3) is obtained directly from (3.4).

Formula (6.3) can also be interpreted as the area under the curve p(0,¢) which is a
never—increasing function decreasing from 1 to 0.

3. We notice that (6.2) implies that “no arrivals within the interval of length 0” is an event
sure to take place:
p(0,0) =1 (6.4)

4. And that (6.3) implies that “no arrivals within a time interval of length co” is event,
which never will take place:
p(0,00) =0 (6.5)

6.2.1 Exponential distribution

The fundamental step in the following derivation of the Poisson distribution is to derive p(0, t)
which is the probability of no arrivals within a time interval of length ¢, i.e. the probability
that the first arrival appears later than t. We will show that (1 — p(0,¢)) is an exponential
distribution (cf. Sec. 4.1).

From (6.2) we have:
Inp(0,t;) +Inp(0,t3) = lnp (0, + t2) (6.6)

Letting Inp(0,t) = f(t), (6.6) can be written as

)+ f(ta) = f(t1+12) (6.7)
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By differentiation with respect to e.g. {2 we have
f'(t2) = fi, (i + 1)
From this we notice that f’(¢) must be a constant and therefore
ft)=a+b-t (6.8)
By inserting (6.8) into (6.7), we obtain a = 0. Therefore p(0, ) has the form
p(0,1) = e

From (6.3) we obtain b:

or:

Thus we have shown, on the basis of 1. and 2. above, that:

p(0,) = e (6.9)

If we consider p(0,t) as the probability that the next event arrives later than ¢, then the time
till the next arrival is exponentially distributed:

1—p(0,t)=F(t) = 1—e, A>0, t>0 (6.10)
F'ity=f(t) = X-e™  A>0, t>0 (6.11)

We get the following mean value and variance:

> =

m, =

o = = (6.12)

> =

The probability that the next arrival appears within the interval (¢,¢+ dt) may be written as
ft)-dt = Xe™.dt
= p(0,t) - Adt (6.13)

i.e. the probability that an arrival appears within the interval (¢,t + dt) is equal to Adt,
independent of t and proportional to dt (cf. (3.17)).
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Because A is independent of the actual “age” t, the exponential distribution has no memory
(cf. Sec. 4.1). The process has no age.

A is called the intensity or rate of both the exponential distribution and of the related Poisson
process and it corresponds to the intensity in (5.6).

The exponential distribution is in general a very good model of call inter-arrival times when
the traffic is generated by human beings (Fig. 6.2).
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@ —
| |©
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1 \ \ \ \ \ \
0 4 8 12 16 20
1969-08-04, 10-11 am Inter—arrival time (scan=0.2s)

Figure 6.2: Inter—arrival time distribution of calls at Holbak transit exchange. The theo-
retical values are based on the assumption of exponentially distributed inter—arrival times.
Due to the measuring principle (scanning method) the continuous exponential distribution
is transformed into a discrete Westerberg distribution (cf. Formula (15.14)) (x*-test = 18.86
with 19 degrees of freedom, fractile = 0.53).

6.2.2 The Erlang—k distribution

From the above we notice that the time until exactly k arrivals have appeared is a sum of k
IID (independently and identically distributed) exponentially distributed stochastic variables.
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The distribution of this sum is called the Erlang—k distribution (cf. Sec. 4.2) and the density
is given by (4.8):

(At)F!

gr(t)dt = - =

e Mdt, A>0,t>0 k=1,2,... (6.14)

For k = 1 we of course get the exponential distribution. The distribution gx41(¢) (kK > 0) is
obtained by convolving gx(t) and g;(t):

gen(0) = [ it —2) i(0) - da

If we assume that the expression (6.14) is valid for gx(¢), then we have:

)\k-{-l

G (t) = m'ew/ot(t—x)’“‘l-dx

As the expression is valid for £k = 1, we have by induction shown that it is valid for any k.
The Erlang-k distribution is, from a statistical point of view, a special gamma-distribution.

The above can be also obtained by using generating functions as shown in Example 4.2.1.

The mean value and the variance are obtained from (6.12)

ok
LD
k
a2:ﬁ (6.15)
ol
° 2

Note that in Sec. 4.2 the mean value is normalised to 1/ for all .

Example 6.2.1: Call statistics from an SPC-system (cf. Example 5.1.2)

Let calls arrive to a stored programme—controlled telephone exchange (SPC-system) according to
a Poisson process. The exchange automatically collects full information about every 1000th call.
The inter—arrival times between two registrations will then be Erlang—1000 distributed and have the
form factor € = 1.001, i.e. the registrations will take place very regularly. O
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6.2.3 The Poisson distribution

We shall now show that the number of arrivals in an interval of fixed length ¢ is Poisson
distributed with mean value A\t. When we know the above-mentioned exponential distribution
and the Erlang distribution, the derivation of the Poisson distribution is only a matter of
applying simple combinatorics. The proof can be carried through by induction.

We look for p(v,t) = probability of v arrivals within time interval .

Let us assume that

The interval (0,¢) is divided into three non-overlapping intervals (0,t1), (¢1,t1 + dt1) and
(t1 + dty,t). From the earlier independence assumption we know that events within an interval
are independent of events in the other intervals because the intervals are non—overlapping.
By letting the ¢; be chosen so that the last arrival within (0,¢) appears in (¢1,t; + dt;), the
probability p(v,t) is obtained by the integrating over all possible values of ¢; as a product of
the following three probabilities:

a) The probability that (v — 1) arrivals occur within the time interval (0,%;):

(Atl)yil . €—>\t1

0<t; <t
(v —1)! ’ ==

p (V - ]-7 tl) =
b) The probability that there is just one arrival within the time interval from t; to t; +dt;:
A - dtq

¢) The probability that no arrivals occur from ¢, + dt; to t:

e—)\(t—tl)

The product of the first two probabilities is the probability that the v’th arrival appears in
(t1,t1 + dty), i.e. the Erlang distribution from the previous section.

By integration we have:

! ()‘tl)y_l —Xt —A(t—
t — - . 1, )\ . dt . (t tl)
pl.t) /0 (v —1)! ‘ e

J— >\V 'e)\t‘/ttyl‘dt
T (w1 0o ! '

p(v,t) = ()\If!)y-e_’\t (6.16)
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This is the Poisson distribution which we have obtained from (6.9) by induction.

If the stochastic variable is denoted by N

we have

E{N} = X-t

Var{N} = X-t

(6.17)

The Poisson distribution is in general a very good model for the number of calls in a telecom-
munication system (Fig. 6.3) or jobs in a computer system.
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Figure 6.3: Number of calls per 10 seconds to Holbezk transit exchange. The theoretical
values are based on the assumption of a Poisson distribution. (x*-test = 7.30 with 18 degrees

of freedom, fractile = 0.013).

Example 6.2.2: Slotted Aloha Satellite

System

Let us consider slotted Aloha a digital satellite communication system with constant packet length
h. The satellite is in a geostationary position about 36.000 km above equator, so the round trip delay
is about 280 ms. The time axes is divided into slots of fixed duration corresponding to the packet
length h. The individual terminal (earth station) transmits packets so that they are synchronised
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with the time slots. All packets generated during a time slot are transmitted in the next time-slot.
The transmission of a packet is only correct if it is the only packet being transmitted in a time slot. If
more packets are transmitted simultaneously in a slot, we have a collision and all packets are lost and
must be retransmitted. All earth stations receive all packets and can thus decide whether a packet
is transmitted correctly. Due to the time delay, the earth stations transmit packets independently.
If the total arrival process is a Poisson process (rate \), then we get a Poisson distributed number
of packets in each time slot.

. AR)E
p(i) = ( i') ce M (6.18)
The probability of a correct transmission is:
p(1) = Ah-e M (6.19)

This corresponds to the proportion of the time axes which is utilised effectively. This function,
which is shown in Fig. 6.4, has an optimum for Ah = 1, as the derivative with respect to Ah is zero
for this value:

Phn=e M- (1=\h) (6.20)
Max{p(1)} = e~! = 0.3679 (6.21)

We thus have a maximum utilisation of the channel equal to 0.3679, when on the average we transmit
one packet per time slot. A similar result holds when there is a limited number of terminals and
the number of packets per time slot is Binomial-distributed. (see exercise). O

6.2.4 Static derivation of the distributions of the Poisson process

As we know from statistics, these distributions can also be derived from the Binomial process
by letting the number of trials n (e.g. throws of a die) increase to infinity and at the same
time letting the probability of success in a single trial o converge to zero in such a way that
the average number of successes n - « is constant.

This approach is static and does not stress the fundamental properties of the Poisson process
which has a dynamic independent existence. But it shows the relationship between the two
processes as illustrated in Table 6.1.

The exponential distribution is the only continuous distribution with lack of memory, and the
geometrical distribution is the only discrete distribution with lack of memory. For example,
the next outcome of a throw of a die is independent of the previous outcome. The distributions
of the two processes are shown in Table 6.1.
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SUMMARY BINOMIAL PROCESS POISSON PROCESS
Discrete time Continuous time
Probability of an arrival « Intensity of arrival A
0<a<l A>0
Time interval GEOMETRIC DISTRIBUTION EXPONENTIAL DISTRIBUTION

between two
events = time

interval from a pn)=a-1-a)"1,n=12... fOy=x-e*Mt>0
a random point
of time to E=1/a, V=(1-a)/a? E=1/\, V =1/\2
next event
Time interval PASCAL DISTRIBUTION = ERLANG-K DISTRIBUTION
until the k£’th NEGATIVE BINOMIAL
event appears DISTRIBUTION
_(n—1 k. (1_ \n—k _ ()t Y
n=kk+1,... t>0

E=k/a, V =k —-a)/a? E=k/X\, V =k/\?

Number of events | BINOMIAL DISTRIBUTION POISSON DISTRIBUTION

within a fixed
time interval

plafn) 